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Abstract 

Analogues of multi-parameter multiplier operators on IR d are denned on the torus 
T d . It is shown that these operators satisfy the classical Coifman-Meyer theorem. In 
addition, LlogL and L(\ogL) n end-point estimates are proved. 
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Preface 



Consider the classical Marcinkiewicz multiplier operator A m on IR d defined A m f(x) = 
^ d m(t)f(t)e 2mtx dt, where m satisfies a standard Marcinkiewicz-Mihlin-Hormander 
type condition [21]. This arises, in part, as a natural extension of the Hilbert trans- 
form and Riesz transforms. In 1991, Coifman and Meyer [5] considered a multilinear 
extension 

A m (/i, ...,/„)(*)= / ™(*)A(*i) ■ ■ ■ f n (t n )e 2 ™^+~ +t ^ dt, 

JR dn 

where m, now acting on ]R dn , satisfies the same kind of condition. This operator is 
known to map L Pl x . . . x L Pn — > L p for 1/pi + . . . + l/p n = 1/p and 1 < pj < oo. 
The case when p > 1 was originally shown by Coifman and Meyer. The general case 
p > 1/n was settled later in 0, US] . 

An important application of this result occurs in non-linear partial differential 
equations. If D a f(t) = \t\ a f(t), a > 0, is the homogenous derivative, then 

p a (^)iir<iP a /ii P yi ? +n/ii P ii^ii 9 

for Schwartz functions /, g, where 1 < p, q < oo and 1/r = 1/p + l/q. This inequality 
was originally proved by Kato and Ponce [H], and can also be established via the 
Coifman-Meyer theorem (see |26j). 

In a more general setting, one can consider an operator {D^D^f)"^, t 2 ) = 
|*i| a |*2p/(*i) fa) for Q!)/3 > 0. It is natural to ask, then, is there an analogue to 
the inequality of Kato and Ponce for this operator. Heuristically, we should have 
something like ||D?£>? (/^)|| r < \\DfDlf\\ p \\g\U+ Wf\\ P \\D P 2 g\\ q + \\D%f\\ p \\D%g\\ q + 
WfWpWD^D^gWq. Attempts to prove this kind of inequality by a Coifman-Meyer type 
argument lead to a wider class of multipliers m, which behave like the product of two 
standard multipliers. 

Special cases of these multiplier operators had been previously considered by 
Christ and Journe [U [13]. Muscalu et. al. [26] showed in 2004 that this so-called 
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bi-parameter multiplier operator satisfies the same L P1 x . . . x L Pn LP estimates. 
The original proof for the Coifman-Meyer operator [5[ El EE] involved the Tl theo- 
rem, BMO theory, and Carleson measures. Many of these methods, most notably 
the Calderon-Zygmund decomposition, do not extend to this bi-parameter setting. 
In [26], an entirely new method based on a strong geometric structure and stopping 
time arguments is used. This method was further extended in [27] to show that 
arbitrary multi-parameter multiplier operators satisfy the same bounds. 

Another important side-effect of this method is its application to the original 
Coifman-Meyer operator, giving a much simpler proof. In particular, it establishes 
the "end-point" estimates of the case when any of the pj are equal to 1. Here, we 
have L Pl x . . . x L Pn — > L p '°° . However, in the multi-parameter setting of [26j [27], no 
such end-point estimates are known. 

A natural candidate for such an estimate would involve L log L spaces, because 
of how they arise in interpolation results. Naively, it is often believed an operator 
which maps L 1 — > L 1,00 , and also satisfies some L p result, should take LlogL into 
L 1 . However, it is rarely this straightforward. In [12], Jessen, Marcinkiewicz, and 
Zygmund showed that if / is in L log L then Mf (the standard maximal function) is 
in L 1 . But this was only for f,Mf on [0,1]. Wiener [35] improved this by noting 
that if /, defined on all of lR n , is in LlogL, then Mf is locally integrable. Stein [3~T] 
showed the converse is true. Indeed, Mf is locally integrable if and only if / is locally 
in LlogL. 

Similarly, C. Fefferman [6] examined the role of L log L as an end-point estimate for 
the double Hilbert transform and maximal double Hilbert transform. Heuristically, a 
L log L to weak-L 1 estimate should be expected. Indeed, this is what is shown, but 
truncated on the unit square. That is, the maximal double Hilbert transform maps 
LlogL([0,l] 2 ) to L^([0,1] 2 ). 

This problem, that L log L estimates can only be gained in the compact setting, 
is rather common. Therefore, the desired end-point estimate for the bi-parameter 
multiplier operator 

A m : L log L x . . . x L log L -> L 1/n '°° 

is likely to hold only in the compactified sense. However, this leads to an interesting 
idea: analogues of multiplier operators A m , from the single-parameter case of Coifman 
and Meyer to the multi-parameter situation of Muscalu et. a!., instead defined on the 
torus T d . In this setting, that of a probability space, L log L estimates are often cleaner 
and conceptually simpler. The establishment and study of the correct operators on 
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tori, and in particular the desire for appropriate end-point estimates, is the focus of 
this text. 

The organization is as follows. Chapter 1 is composed of three parts. The first 
is a survey of some of the standard analytical tools on the torus. The second part 
is a series of somewhat technical results concerning special smooth functions. These 
results are used sporadically throughout the text, but their proofs are similar, so 
they are presented together. The third part is an interpolation theorem. Chapter 
2 covers several different maximal operators, and Chapter 3 deals with a particular 
square function of Littlewood-Paley type. In Chapter 4, characterizations of L log L 
and L(\ogL) n are developed for any probability space, and several important results 
therein are proved. Chapter 5 introduces and studies single-parameter multipliers, 
and in particular, analogues of the Marcinkiewicz and Coifman-Meyer multipliers. In 
Chapter 6, bi-parameter multiplier operators are handled. Chapter 7 is a non-rigorous 
survey of the proof for multi-parameter multipliers. 
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Chapter 1 

The Circle and Smooth Functions 



1.1 Preliminaries 

Consider the space T = R/Z. It has a natural correspondence with a circle of diameter 
1 or the interval [0, 1) C R, where and 1 are identified. In this way, we can consider 
Lesbegue measure m on sets E C T, by considering the corresponding set in [0, 1). 
Then, (T, m) is a probability space. 

Addition is also naturally defined on T by the group structure of R/Z. That is, 
i,!/GT can be thought of as elements in [0, 1), and x + y in T is (x + y) mod-1 in R. 

Let dist]g(-, •) be the Euclidean metric on R, and distf(-, •) the standard metric on 
T induced by the geometry of the circle. In particular, if x, y G T are thought of as 
elements in [0,1), then, distj(x,y) = min{distR(:r, y), 1 — distu(x, y)}. For sets A, B C 
T, let distil, A) = min{dist(x, y) : y G A} and distj^A, B) = min{distTr(:r, y) : x G 
A, y G -£>}, as usual. 

Functions / acting on T can simultaneously be thought of as 1-periodic functions 
acting on R. In this way, we define integration on (T, m) by 



where the function on the right is defined on R and integrated over [0, 1). Further, 
we inherit from R notions of continuity, differentiability, smoothness, etc.. We will 
most often consider complex-valued functions, which we write as / : T — > C. This 
notation is somewhat misleading, as we allow functions to take infinite values. 

For complex scalars a, we will use |a| to denote the modulus or absolute value, 
and we will denote Lebesgue measure of a set A by \A\. This double use should not 
cause any confusion. We say two sets A, B are disjoint if \A n B\ — 0. 



/ dm 
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There is a natural notion of intervals in T as well, that is, connected subsets. We 
will always use the terminology interval to mean a non-empty, closed interval in T. 
For simplicity, we allow T to be considered an interval. We say an interval I is dyadic 
if / = [2~ k j, 2~ k (j + 1)] for some j G Z, k G N. Note that T itself is not considered a 
dyadic interval. One can easily show that there is a kind of trichotomy: for any two 
dyadic intervals either they are equal, one is strictly contained in the other, or they 
are disjoint. 

For any interval I and < a < 1/|/|, let al denote the interval concentric 
with / which satisfies \al\ = a\I\. That is, if / = {x : distx(x, Xi) < |/|/2}, then 
al = {x : distr(x,xi) < a|/|/2}. For integers n, let l n = I + n\I\, the interval gained 
by shifting n steps of length |J|. 

Finally, we will use the somewhat standard notation A < B to mean that there 
is some "universal" constant C such that A < C • B. We will write A ~ B if A < B 
and B < A. It will be our attempt throughout to make as clear as possible precisely 
what these unspoken constants depend on. 

1.2 Analysis on T 

Many of the fundamental analytical tools which we use on W 1 can be easily extended 
to T. Katznelson (15] gives a comprehensive introduction to this topic. 

Considering the probability space (T, m), we can define ||/|| p = (J T \f\ p dm) 1 ^ 
for < p < oo and ||/||oo = esssup T |/| as normal. Then, the spaces L P (T) of 
functions for which ||/|| p < oo are Banach spaces for 1 < p < oo. Similarly, we define 
weak-L p (T) or L p,oc (T) as the functions for which 

\\f\\ Pt0B := supA|{x G T : |/(ar)| > \}\ 1/p < oo. 

A>0 

Note, || ■ Hp.oo is only a quasi- norm, in that it does not always satisfy the triangle 
inequality. However, it is true that |/| < \g\ a.e. implies ||/|| Pl oo < Ibllp.oo an d f n T |/| 
a.e. implies ||/„|| p ,oo T ||/||p,oo- 

Denote the L 2 inner product by (-,•), i.e., (/, g) = L f(x)g(x) dx, where g is the 
complex conjugate. It will be our practice, when studying an operator T, to write 
T : LP — >• LP or that T maps LP to L p , when it is actually meant maps boundedly. In 
particular, that there is some constant C so that ||T/|| P < C||/|| p for all /. 

For / G L X (T) we define the Fourier coefficients of / by 
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f(n) = / f(x)e- 2nmx dx 
Jt 

for all n G Z. It is easily shown [15] that the usual properties hold. In particular, 
this operation is linear, and if we define convolution as 

(f*g){x)= / f(y)g(x-y)dy, 
Jt 

then (/ * g){n) = f(n)g{n) for all n. Further, we have a version of Plancherel's 
theorem: for f,g G L 2 (T) 

n&Z 

or equivalently, 

/ f{x)g(x) dx = Y] f(n)g(-n). 
It is also well-known that if a function / is smooth 

f{x)=Y,Kn)e 2mnx . 

Recall that a function / : R — > C is a Schwartz function [33, 34| if it is infinitely 
differentiable and sup M Ix^j/^^x)! < oo for all integers k, I > 0. For a Schwartz 
function /, define its periodization by 

This function is clearly 1-periodic, so we may think of F as a function on T. This 
sum converges absolutely for all x, which follows because \f(x + j)\ < C\x + j\~ 2 for 
some C is guaranteed by the Schwartz condition, . For h ^ 0, we have by the mean 
value theorem that \[F{x + h) — F(x)] = J2j f'{ x j,h)i where Xj^ is some number 
between x + j and x + j + h. Using the Schwartz property again, we can apply 
the dominated convergence theorem to let h — > and see F is differentiable, with 
F'{x) = Ylj f'( x +j). Iterating this, we find that F is smooth (infinitely differentiable) 
and F® is simply the periodization of f®. 
Furthermore, 
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F(n) = [ F(x)e^ inx dx = [ F(x) e - 2mnx dx 
Jj Jo 

= Yl I f( x + J)e~ 2ninx dx = I f{x)e- 2mnx dx = f(n). 
■ Jo Jr 

That is, the Fourier coefficients of F coincide with the Fourier transform of / on the 
integers. 

Finally, we can define T d = R d /Z d , the rf-fold product of T. Lebesgue measure can 
be attained from M. d just as before, or as the appropriate product measure, so that 
(T d , to) is a probability space. Functions / : T d — > C can be thought of as functions 
on M. d which are 1-periodic in each coordinate, and integration is defined as before. 
The Fourier coefficients f(n\, . . . ,rid) = j Jd f(x)e~ 2mn ' x dx are defined in a natural 
way, and all the normal results hold. 

1.3 Bump Functions 

Our first goal will be to generate a sequence of smooth functions whose Fourier 
coefficients are a kind of "partition of unity." It turns out the easiest way to do 
this is to first create the functions on R and then periodize. 

Theorem 1.1. There are Schwartz functions 01,0% : K — > C, k G TL, and constants 
C m > 0, to G N, so that 

supp(^) C [-2 k ~ 2 , -2 fe ~ 4 ] U [2 k -\ 2 k ~% 61(0) = 0, 
K(x)\, \0 2 k (x)\ < 2 k C m (l + 2 fe dist R (a;, [0,2^]))'™ for allxeR,me N, 
\0l{x)\ y \0i{x)\ < 4 fe C m (l + 2 fe dist R (x, [0,2~ fe ])^ m for all x G R, to G N. 

Proof. Choose a Schwartz function a : K. — > C so that a = 1 on [—1/8,1/8] and 
supp(57) C [-1/4,1/4]. Define 6 l {t) = a(t) - a(2t). Let 0j[(i) = 01(2"**) for all 
k G Z. 

Fix i ^ 0. Choose any N G N so that \t\ < 2 N ~ 3 and \t\ > 2~ N ~ Z . Then, 
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N 

£ 9\{t) = (a(2 N t) - a(2 N+1 tj) + (a{2 N - l t) - a{2 N t)) +...+ 

k=-N 

(a(2- N t) - a(2^ +1 t)) 
= 2(2"**) - a(2 N+1 t) = 1-0 = 1. 

As this holds for all N big enough, and t is arbitrary, it follows that J2k 9\(i) = 1 for 
all t 7^ 0. On the other hand, as 91(0) = ^(0) = for all k, it is clear the sum is at 
t = 0. 

Fix keZ. Let |f| < 2 fc " 4 . Then |2~ fe t|, \2- k+1 t\ < 1/8 implying 9\(t) = 9 i (2~ k t) = 
a(2~ k t) - a(2~ k+1 t) = 1-1 = 0. Similarly, \t\ > 2 k ~ 2 implies |2- fc+1 t|, \2~H\ > 1/4, 
and^(t) = a(2-H)-a(2- k+ H) = 0. That is, supp(^) C {-2 k ~ 2 , -2 k ~ A }U[2 k ~ A , 2 k -\ 

Choose a Schwartz function 9 2 so that 9 2 = 1 on [-1/8, -1/16] U [1/16, 1/8] and 
is supported away from 0. Define 9 2 (t) = 9 2 (2~ k t). Then, 9 2 (0) = and 9\ = 1 on 
[_2*-2 > -2 fe - 4 ] U [2 k -\2 k - 2 ] D supp(^), so that 

= E = xr-oW- 

Finally, note that 0£(a;) = 2 k 9\2 k x) for i = 1,2. As 0* and 0*' are Schwartz 
functions and (1 + dist R (x, [0, l])) m has polynomial growth, we can choose C m so that 
\9\x)l \9*(x)\ < C m (l + dist R (x, [0, l]))- m for all x and m and i = 1,2. Then, 

\9l(x)\ = 2 k \9\2 k x)\ < 2 k C rn (l + d\st R (2 k x, [0, l]))- m 
= 2 fc C m (l + 2 fc dist M (a;, [0,2" fc ]))- m . 

By the same argument, \9((x)\ = A k \9'(2 k )\ < A k C m (l + 2 fc dist R (x, [0,2" fc ]))~ m . □ 

Claim 1.2. Fixj,keN and define f (t) = j(l + 2 k min(t, 1 - 1)) - 2 k (t + j - 1). For 
any t e [0,1], /(f) < 1. 

Proo/. For f e [0, 1/2], /(f) = j'(l + 2 fe f) — 2 fc (t + j — 1), which is an increasing linear 
function in t. Indeed, /'(f) = j2 k - 2 k > 0. For f G [1/2, 1], /(f) = j(l + 2 k (l - t)) - 
2 k (t + j — 1), which is a decreasing linear function in t, as f'(t) = — j2 k — 2 k < 0. 
Thus, max^io,!, /(f) = /(1/2) = j(l + 2*" 1 ) - 2 k (j - 1/2) = j + 2*" 1 - j'2 fc - x < 1. 
This last inequality follows as a + 6 — ah < 1 for any positive integers a, b, which is 
easily shown through induction. □ 
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Lemma 1.3. Let 9k '■ K — > C 6e a Schwartz function andipk '■ T ^ C its periodization. 



\O k (x)\ <C m 2 fe (l + 2 fc dist R (x,[0,2- fc ])) m and 
<C m 4 fc (l + 2 fc dist R (x, [0,2- fe ]))" m , 

i/ien t/iere exist constants C' m so that 

\Mx)\ <O fc (l + 2 fc dist T (x,[0,2- fe ]))" m and 
|V4(*)I < C 'n£ k { 1 + 2 fc dist T (x, [0,2- fc ]))- m . 

Proo/. Fix x e [0,1). Clearly, dist M (x, [0, 2" fc ]) > dist T (x, [0, 2~ k }). Hence, |0 fc (z)| < 
C m 2 fe (l + dist R (a;, [0, 2- k }))- m < C m 2 k (l + dist T (x, [0, 2- k ]))- m . For any j e N, note 
dist R (a; + j, [0,2 - *]) > dist R (x, [0,2~ fe ]) + j - 1. Set t = dist R (x, [0,2~ fc ]), and observe 
that t G [0, 1] and dist T (x, [0, 2~ k }) < min(t, 1 - t). Thus, by Claim O, 

j (1 + 2 k dist T (x, [0, 2- fc ])) <j(l + 2 k mm(t, l-t))= f(t) + 2 k (t + j- 1) 

< 1 + 2 k (t + j - 1) < 1 + 2 k dist R (x + j, [0, 2- k }). 

Therefore, we see that for any integer m > 1, 

oo oo 

X] |0fc(ar + j)| < C m 2*(l + dist R (x + j, [0, 2~ fc ]))~ m 

oo 

< C m 2 k Y,r m (l + 2 fc dist T (x, [0, 2"*])J 

3=1 

< 2C m 2 k M + 2 fc dist T (x, [0, 2- k })\ 

Similarly, dist R (x — 1, [0, 2~ k ]) = dist R (x — 1, 0) = dist R (x, 1) > distil, 1) > 
distr(x, [0,2~ k ]). Therefore, \9 k (x - 1)| < C m 2 fc (l + dist R (x - 1, [0, 2~ k ]))- m < 
C m 2 k (l + 2 fc dist T (x, [0,2- k ]))- m , and for j e N, we have dist R (x - j, [0,2- fc ]) = 
dist R (a; — 1, [0,2~ fc ]) + j — 1. Set t = dist R (a; — 1, [0,2"*]), and again observe that 
t G [0, 1] and distx(x, [0,2~ fc ]) < min(t, 1 — t). Using the claim as before, it follows 
that j(l + 2 k dist T (x, [0, 2~ k })) < 1 + 2 k dist R (x - j, [0, 2~ k }). Thus, for m > 1, 
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. _ — , / \ — m 

\°^ x - i)\ < E Cm2k I 1 + distK ( x - [°> 2_fc ])J 

oo 

/ \ — m 

< C m 2^f m (l + 2 fc dist T (x, [0, 2- fc ])J 
<2C m 2 fc (l + 2 fc dist T (x, [0,2- fc ])J 

Hence, 

\Mx)\<J2\ d >°( x+ i)\ 

oo oo 

= \9k(x)\ + |0 fe (a; + E + j)\ + £ 1**0* " J)l 
< (C m + C m + 2C m + 2C m )2 fc (l + 2 k dist T (x, [0, 2~ fc ])) ~ m 

Now, this holds for all m > 1. But, of course, the m = 1 case follows as 1^(^)1 < 
6C 2 2 k (l + 2 k dist T (x, [0, 2~ fc ]))- 2 < 6C 2 2 fc (i + 2 fc dist T (a;, [0, 2~ fc ]))- 1 . The condition on 
i\)' k is proven in exactly the same manner. Thus, the statement holds with C' m = 6C m 
for m > 1 and C[ = 6C 2 . □ 

Theorem 1.4. There are smooth functions ip k ,ipl : T — > C, G N, and constants 
C m > 0, m 6 N, so tfiat 



it=i 

supp(g) C [-2 fc - 2 , -2 fc - 4 ] U [2 k -\2 k -% 5|(0) = 0, 
\if>l(x)\, \ipl(x)\ < 2 k C m (l + 2 fc dist T (a;, [0,2- fc ])J for allxeT,me N, 
M 0*0 1, 0*0 1 < ^ k C m (l + 2 fc dist T (x, [0,2- fc ])J for all x G T, m G N. 

Proof. Let 9\, Q\ : R — ► C, A; G Z, be the functions guaranteed by Theorem II. 1[ and 
ipl their respective periodizations. As 9 % k {n) = ip l k (n), it follows ^(0) = and 
supp(^) Q [— 2 k ~ 2 , — 2 k ~ 4 ] U [2 fc ~ 4 ,2 fc ~ 2 ]. From this, we see for any integer n that 
5|(n)v|(-n) = for fc < 0. Thus, 
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k=i fcez 
Finally, the inequalities on ip l k and ip l k ' follow from Theorem 11.11 and Lemma 11.31 □ 

Theorem 1.5. There are Schwartz functions Q a k : R — ► C, 1 < a, i < 3, k G Z ; and 

constants C m > 0, m G N, so i/iai 

o=l feez 

supp(^p) C [-2^ 2 , -2 fc - 10 ] U [2 fc - 10 , 2 fc - 2 ] /or a ^ i, 
supp(^)C[-2 fc - 2 ,2 fe - 2 ] /ora = z, 
|0£*(a;)| < 2 k C m (l + 2 fc dist R (x, [0,2~ fc ])) m for allxeR,me N, 
|^'(x)| < 4 fc C m (l + 2 fc dist M (x, [0,2- fc ])) ™ /or aZ/ x G R, m G N. 

Proof. Similar to the proof of Theorem 11.11 start with a Schwartz bump a which is 
identically 1 on [-1/64, 1/64] and supported in [-1/32, 1/32]. Set f3(t) = a{t) -a{2t) . 
Define #(f) = P{2~H) and g(t) = a{2~ k ^t). Set ffi(t) = $^2_ a #(f)- 

By construction of a, we can see supp(/?|) C [— 2 k ~ 8 , 2 k ~ 8 }. By an argument similar 
to that in Theorem[TH supp(/^) C [-2 fc ~ 5 , -2 fc ~ 7 ] U [2 fe - 7 , 2 fe - 5 ]. Thus, supp(/3f) C 
[_2 fe - 3 , -2 k - 9 ] U [2 fe - 9 ,2 fc - 3 ]. 

Fix i G R, t ^ 0, and choose JVeNso that |i| > 2~ N ~ 6 . Then, \2 N+1 t\ > 1/32 
and by the same telescoping argument as before 

fc-3 

£ = (a(2^) - a(2 N+1 t)^ +...+ (a(2- k+ H) - S(2~ fc+3 t)) 

j=-N 

= a(2- k+ H) - a(2 N+ H) = a(2- k+ H) = 

As iV and t are arbitrary, we have that ^2j <k _ 2 Pj('t) = P k (t) for t ^ 0. By the same 
argument used in Theorem 1 1.1[ ^ (3\{t) = 1 for all t ^ 0. 
Fix ti,t2 £ R> both non-zero. Then, 
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1 = E/W )(£/W) 
= E E ^(*iR(*2) + E E pimw 

kie1k 2 >k 1 +2 k 1 £Zk 2 <k 1 ~2 

+ E E /WO/W 

k x & k 2 =k 1 ~2 

= ES^)S(^) + E^(^Kfe) 

feez feez fcez 

On the other hand, /3f (0) = a(0) = 1. Hence, in the t± — case, we see that for any 

feez fcez fcez fcez 

The ^2 — case is symmetrical. We note that when t\ = t 2 = 0, the triple sum is 
equal to 0. Hence, 

k& fcez feez 

Define $ = = 0*' 1 = $ = ^ = fl 2 ; 2 , and $ = 0j 2 and observe 



kei kei kei 

Choose a Schwartz function 7 1 supported in [— 2~ 3 , — 2~ 9 ] U [2~ 9 ,2~ 3 ] and iden- 
tically 1 on [-2~ 4 ,-2~ 8 ] U [2~ 8 ,2- 4 ]. Let ^(t) = y(2- fc t). Then, supp^) C 
[_2 fe - 3 , -2 fc - 9 ] U [2 fc - 9 ,2 fc - 3 ] and 7] = 1 on [-2 fe - 4 , -2 fe - § ] U [2 fc ~ 8 ,2 fc - 4 ]. Now, if 
2 fe ~ 7 < |*i| < 2 fc - 5 and |i 2 | < 2 fc - 8 , then 2 fe - 8 < |fi+t 2 | < 2 fe - 4 . Hence, ^l(-t 1 -t 2 ) = 
1 for such ti,t 2 - In particular, 
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of{h)Q 2 H 2 (t2)il{-ti - h) = PKtMhHi-h - 1 2 ) 

By symmetry, 

*?(*i)0?(^7i(-*i - h) = e^ih^ih). 

Set 9i 3 = Qf = 7 1 . 

Similarly, if we choose a Schwartz function 7 2 so that 7 2 is supported in [—1/4, 1/4] 
and identically 1 on [-1/8 - 1/32, 1/8 + 1/32], and let rf(t) = l 2 (2- k t), then 7 2 is 
supported in [-2 fc - 2 , 2 fe ~ 2 ] and identically 1 on [-2 fc ~ 3 - 2 fc ~ 5 ,2 fc ~ 5 + 2 k ~ 3 }. Thus, 

ef^h^ihhli-t, - 1 2 ) = fftihffito). 

Set O 3 ,' 3 = 7 2 . It is now clear that the appropriate sum condition holds. 

As (3q, (3q, (3q, 7q, 7q are all Schwartz bumps, we can choose constants C m so that 
Iflol, l?o'l, l?o"l < C m (l + dist R (x, [0,1]))-™ for i = 1,2, 3 and j = 1,2. Then, as in 
the proof of Theorem [Lll \9 a /(x)\ < C m 2 k (l + 2 k dist M (x, [0,2- fc ]))- m and \9 a / (x)\ < 
4 fc C m (l + 2 fc dist K (x, [0,2- k ]))~ m . □ 

Theorem 1.6. There are smooth functions ip^ % : T — > C, 1 < a, i < 3, k G N, ond 
constants C m > 0, m G N, so that 

3 oo 

25^V'fc 1 (ni)V'ft 2 (n2)V'fc 3 (-ni -"2) = Xz 2 -(o,o)(«i,n 2 ) 

a=l fc=l 

supp(Jp) C [-2 fc - 2 , -2 k - 10 } U [2 fe - 10 , 2 fc ~ 2 ] for a ^ i, 
supp(V?)C[-2 fc - 2 ,2 fc - 2 ] fora = l , 
\il) a k '\x)\ < 2 k C m (l + 2 fc dist T (x, [0,2- fc ])J for all x G T, m G N, 
< 4 fc C m (l + 2 k dist T (x, [0, 2- k ])y m for allxeT,me N. 

Proof. Let 6^'* be the functions guaranteed by Theorem 11.51 and let be their 
respective periodizations. Noting that ^ l {n) = for all integers n^O when k < 0, 
everything follows immediately from Theorem 11.51 □ 
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1.4 Adapted Families 

Definition. We say a smooth function cp : T — ► C is adapted to an interval I with 
constants C m > 0, m G N, if 



A family of smooth functions : T — > C, indexed by the dyadic intervals, is called 
an adapted family if each is adapted to / with the same universal constants. We 
say {(fi}i is a 0-mean adapted family if it is an adapted family, with the additional 
property that L <pi dm = for all I. 

The first question we should address is whether such a family exists. Take either 
ipl or ip\ from Theorem 11.41 We will write ipk for simplicity. For each dyadic interval 



Similarly, |^(x)| = \2~ k il/ k (x - 2~ k j)\ < C m A(l + dist J^' I) y m . Therefore, we have 



established a way to generate adapted families. In fact, this is a 0-mean adapted 
family, as if>l(0) = ?Pl(0) = 0. However, there are adapted families with even more 
specific properties. 

Theorem 1.7. There exists a 0-mean adapted family {tpi}i and a constant a > so 
that \tpi\ > axi for all I . 

Proof. Choose a Schwartz function a : R — ► C so that a = 1 on [—1/2,1/2], 
supp(S) C [—1, 1], and s = |a(0)| > 0. By continuity, choose an integer k > so that 
\x\ < 2~ h ° implies \a(x) — «(0)| < s/4. Then, for x G [0,2 _fc °], we have — s < 

\a(x) — «(0)| < s/4 or \a(x)\ < Similarly, s — \a(x)\ < \a(x) — a(0)\ < s/4 or 




/ = [2- k j, 2~ k {j + 1)], define <p z (x) = 2~ k tp k (x - 2- fe 



j). Then, 



ipi{x)\ = \2- k i) k {x-2~ k j)\ 
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\a(x)\ > f . Set P(x) = a(2- ko x), giving f < \(3(x)\ < f for all x G [0,1]. Define 



6(x) = (3(x) - (3(2x) and 9 k (x) = 9(2~ k x) for all k G N. 

Now, fc (ar) = 2 fc #(2 fc x) and 0(z) = /3(ar) - §/3(§ar). For any x G [0,1], we see 
|0(a;)| > - \\(3{\x)\ > f - f = f =: c. Thus, for any x G [0,2' 



we 



have \6 k (x)\ = 2 k \9(2 k x)\ > c2 k . Namely, \6 k \ > c2 fc X[o,2- fe ]- ft is easily seen that 

e k (o) = 6(0) = ?(o) - p{o) = o. 

Note 6 1 and 6 1 ' are Schwartz functions and (1 + disti^x, [0, l])) m has polynomial 
growth. Choose C m so that \0'(x)\ < C m (l + dist R (a;, [0, l])) _m for all x and m. 

By the same manipulations as before, this implies |0fc(x)| — 2 k \6(2 k x)\ < 2 k C m (l + 
dist M (2 fc x, [0,l]))~ m = 2 fc C m (l + 2 fc dist R (x, [0,2- fc ]))" m , and \6' k (x)\ = 4 k \6'(2 k )\ < 
4 fc C m (l + 2 fc dist M (x, [0,2- fc ]))- m . 

Let ip k be the periodization of 9 k . As V'jfc(O) = 9 k (0) = 0, each ip k has integral 
0. Let k G N and x G [0,2~ fe ]. Note, for j > 1, we have dist R (x + j, [0,2~ fc ]) = 
dist K (x + j, 2~ k ) = x + j - 2~ k > j — 2~ k . For j < -1, we see dist K (x + j, [0, 2~ k }) = 
dist R (x + j,0) = |j|-x>|j|-2- fc . So, 



\M^)\ > \9 k (x)\ 



+ j) * c2 k -J2Mx + j)\ 



>c2 k -J2 C^2 k (l + 2 k dist M (x + j, [0, 2~ k }) 
>c2 k -C 2 2 k J2( 1 + 2 \\j\- 2 



= c2 k -C 2 2 k J2( 2k \j\y 2 > 2* [c - C7 2 4 1_fc ] 

In particular, |^| > §2 fc X[o,2-*] f° r an k > K, where K is the smallest integer with 
K > log(2C 2 /c)(log4)- 1 + l. 

For each dyadic interval I = [2~ k j, 2~ k (j + 1)] with k > K, set (pi(x) = 2~ k ip k (x — 
2~ k j). Each ip j has mean and is adapted to I with constants C' m by Lemma 11.31 
Further, \ipi(x)\ = 2- k \^ k (x - 2~ k j)\ > fx [0 , 2 -*](:c - 2 ~ k j) = axi(x), if a = c/2. 

Let J be a dyadic interval with |/| > 2~ K , of which there are only finitely 
many. Choose a smooth function // so that |//| > a\i- Let gi be a smooth func- 
tion, supported away from /, with Lgj = 1, and set (fi — fi — (f r fi)gi- Then, 
> a Xi an d <Pi nas mean 0. Do this for each remaining J, and choose C" so that 
ll^/lloo, H^/Hoo < C" for all such /. Again, this is possible as there only finitely many. 
Set C" m = (1 + 2 K ) m C". Then, for any iGT, 
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< CP + 2-)- < c(i + < C(i + 55i^)- m , 



and 



1^)1 < + 2-)- < ^(i + ± ] )~ m < c^(i + ^!Mpi))-"'. 

Hence, is a 0-mean adapted family, with constants max(C' m , C^J, and |</?r| > 

ax/- □ 

The following is an important consequence of the definition, and the proof is the 
first of many which make use of a "geometric" argument and the adapted property. 

Proposition 1.8. For any adapted family ipr, we have \\<pi\\i < |/|, where the under- 
lying constant does not depend on I. 

Proof. Fix I. If |/| = 2~ k , let N = 2 k ~ 1 so that T = \J{I m : -N + 1 < m < N} and 
this union is disjoint. Then, 



|y?/||i = / \(fi(x)\dx= ^2 / \<pi(x)\dx 

m=-N+l Jlm 
._ . .1 Jm V I J I / 



m=—N+l 
N 



<c 2 ± [ (i + d ^- / ) )" <fa . 

Observe that dist T (/ m , /) = |/|(H — 1) for —N + l<m<N,m^0. Thus, 



N 

s E 

m=-iV+l 



^ | dist T (J m ,/) x-2 



+ E 

-Af+l<m<AT,m^0 
N 



r\\m\- 2 



< l/l 



1+2 Ei <i j i X + 2 E 



m=l 



m 2 J 



m=l 



m 2 J 



< l/l 
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□ 

Conceptually, we often think of functions which are adapted to an interval / as 
being "almost supported" in I. The following theorems give some rigid meaning to 
this. 

Theorem 1.9. Let ipj : T — > C be adapted to an interval I , with \I\ = 2~ N . Then, 
we can write 

oo 
k=l 

where ip k are adapted to I uniformly ink. In addition, supp(^) C 2 k I for 1 < k < N, 
and = otherwise. 

Proof. Assume ipi is adapted to / with constants C m . Let ip : R — > C be smooth, 
supported in [-1/2, 1/2], identically 1 on [-1/4, 1/4], with < ip < 1 and < 4. 
For any interval J with center xj, define ipj(x) = vfj( x J^ J ). For each < k < N, 
periodize the appropriate functions to create smooth functions ip 2 k i 011 T such that 

< i) 2kI < 1, l^/l < 4/|/|, supp(^ 2fc/ ) C 2 k I, and ^/ = 1 on 2 k - 1 I. 

We start by noting that 

1 = V/ + (V^ 2 / - + ■ ■ ■ + (V^-ij - ^-2/) + (1 - i/V-i/)- 

Therefore, if we define ip] = 2 10 ip I ip I , ip k = 2 wk ip I (ip 2 k I ~ V^- 1 /) for 1 < k < N, 
tpf = 2 10N <p I (l - ^n-ij), and <p k r = for k > N, then 

00 
k=i 

Further, supp((p k ) C 2 k I by construction (for k = N, this is an empty statement). 

Clearly, \ip}(x)\ < 2 w \ Vl (x)\\M^\ < 2 10 M*)I < 2 10 C m (l + Als0; 
|^'(x)| < 2 10 |^(^)ll^(^)|+2 10 |^(^)ll^(^)l < 2 1 V / (*)I+2 10 ^|V^)I < 2 10 - 

1 / T _i_ distj(x,I) \- m 
O^m^l-Li [J] ) 

Now, for each 1 < k < N, ip 2 k i ~ V^- 1 1 is supported in 2 k I — 2 k ~ 2 I. Also, 

1 - ^-1/ is supported in T - 2 N ~ 2 I = 2 N I - 2 N ~ 2 I. So, fix 1 < k < N and let 
x e 2 k I-2 k - 2 I. Then, 2 k ~ 3 < dist ^^ /} < 2 k -\ where x l is the center oil. However, 
dist T (x,x/) = dist T (x,J) + |/|/2, which gives 2 fe ~ 3 - 1/2 < dist ^' J) < 2 k ~ l - 1/2. 
Hence, 
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< C m+10 (l + diSt ^ J) )' m ' 10 < C m+10 (2 fe - 3 + 1/2)— 10 

= C m+10 (2 fc - 3 + l/2)- 10 (2 fc ~ 3 + l/2)- m 

< C m+10 (2 30 • 2- 10k ) (4 m (2 fc - 1 + l/2)- m ) 

<4^ m+10 2--(l + ^^)- m 

By precisely the same argument, |^(x)| < 4 m+15 C m+10 2- 10fc ^ (1 + dist ^- J ) )~™. Thus, 
for all x G T, 



|^'(x)| < 2«*[Mx)\ + l^ljjf] < 9 -4— C m+10 ^(l + ^I^)- m . 

In particular, <^ is adapted to / with constants 9 ■ 4 m+15 C m+ io f° r ah k- D 

Theorem 1.10. Lei : T — > C 6e adapted to an interval I, \I\ = 2~ N , with 
J T (pjdm = 0. Then, we can write 



oc 



k=l 

where (p* are adapted to I uniformly in k and J (p k dm = 0. In addition, supp((p k ) C 
2 k I for 1 < k < N, and p k = otherwise. 

Proof. Using Theorem II. 9 [ write <fii = ^2 2~ 10k tp k , where supp(^f) Q 2 k I for 1 < k < 
N and p k = otherwise. Further, ip k are adapted to / with uniform constants. 

Choose a smooth function ip : T -»• C so that < ip < 2/\I\, \ifj'\ < 8/\I\ 2 , 
f ij) dm = 1, and supp(^) C /. Set ip^ j = ip k — (f tp k dm)%p. Then, each tp^j has 
integral 0, and is still supported in 2 k I. Further, 



OO OO p OO p 

V2- 10 V % = E 2 ~ 10 V/-^( / V2- 10 V^m) =<Pi-t/>( / Vi dm) = Vl . 
k=i k=i KJr *k=i 1 Wt J 

As p k are uniformly adapted to J, we see by Proposition 11.81 that \\f k \\i < |/|. So, 
for x E I, 
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Lp k j dmj^p(x) 



< 1 



dist(x, I) 



(p k j dm)vjj'(x 



< JL 1 /, dist(z,J) 

~ l/l l/l V l/l 



Of course, for x ^ /, these quantities are 0. It follows that <^q 7 are uniformly adapted 
to /. □ 



1.5 Interpolation Theorems 

Let (X, p) be a measure space and (B, \\ ■ \\ B ) a (complex) Banach space and its 
associated norm. Consider functions / : (X, p) — > B which take values in this Banach 
space. Let A4(X, B) be the set of such functions such that the map x i— > \\f{x)\\B is 
measurable. 

For < p < oo and / G M(X, B), define 

\\f\\ P ,B={l \\f{x)\\lp{dx)) l, \ 

and ||/||oo,s = esssup x Let L P B (X) be the set of functions for which these 

quantities are finite. It is easily established that L P B (X) are Banach spaces, as usual, 
for 1 < p < oo. Let 

11/IUoo.b = sup Xp{x G X : \\f(x)\\ B > A} 1/p , 

A>0 

and define L B ,00 (X) accordingly. 

The principal reason for considering such spaces is to attain interpolation results 
for operators T which take Ai(X,B) to A4(X, B). We say an operator is sublinear 
if ||T(/+<7)(aO|| fl < ||T/(x)||B + ||T^(x)|| fl and \\T{af)(x)\\ B = \a\ \\Tf(x) \\ B for all 
scalar s a G C and almost every x G X. Consider the following [8]. 

Theorem 1.11. Let T be a sublinear operator on A4(X,B). Suppose that for some 
< p < Pi < oo, T : L P ^(X) -> L§'°°(X) for j = 0, 1 (where L B '°° = L B ). Then, 
for every p Q <p <pi,T : L P B (X) -> L P B (X). 

Proof. Fix p and /. First, suppose p\ < oo. For each t > 0, let /* = / when 
> t and otherwise. Similarly, let ft — f when ||/||b < t and otherwise, so 
that f = f t + p. 
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Note, \\Tf(x)\\ B < \\Tf t (x)\\ B + \\Tf(x)\\ B , and by hypothesis, 



p{x : ||T/(x)|| fl >t}< p{\\Tf\\ B > t/2} + p{\\Tf t \\ B > t/2} 

^(*/2)- po ||/*|IS tfl + (V2)- Rl ||/*|IS, fl , 
where the underlying constants are the operator norms of T. So, 



\\Tf\\ P P , B = [ \\Tf\\ P B dp = p f°°ir 1 p{\\Tf\\ B >t}dt 
Jx Jo 

POO 

< / ir»- 1 \\f t \\z^ + ir"- 1 \\f t \\Zf& 

Jo 

poo p poo p 

= t^- 1 \\f\\ p B °dpdt+ ir*- 1 wmdpdt 

Jo J{\\f\\ B >t} Jo J{\\f\\ B <t} 

r r\\f\\B r r°° 

= / wm / t^- i dtd P + / wm / t^-utdp 

Jx Jo Jx J\\f\\B 



'11/11- 

= — / \\f\\ P B dp+—f \\f\\ p B dp < \\f\\l >B . 
P-PoJx Pi-PJx P ' 

Now, suppose pi = oo. Let C be the operator norm of T : — > L^ 1 . For each 
t > 0, set ft = f for II/Hb < t/(2C) and otherwise. Define /* accordingly so that 
/ = /* + /*. Note, ||T/ t (a;)||B < ||r/ t ||oo,fl < C'll/tlloo,^ < t/2 for almost every 
Thus, p{x : ||r/ t (ar)|| B > t/2} = 0. Hence, 



ITCs= / \\Tf\\ p B dp = P f°°ir 1 p{\\Tf\\ B >t}dt 
Jx Jo 

t p - p °- l \\fX,Bdt 



< 



DC 







oo 



t p - p °- 1 / wmdpdt 

J{\\f\\ B >t/(2C)} 
/■2C||/b 

g / t v ~ p °- x dtdp 
x Jo 

{2cy- p ° 



P~Po Jx P ' 



□ 



The preceding theorem is a generalization of the classical Marcinkiewicz inter- 
polation theorem [25j [29] . Indeed, the proof is nearly identical. To recover the 
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classical version, we need only take the Banach space B to be C with norm | • |. 
Like the Marcinkiewicz interpolation theorem, we can actually prove a version where 
T : L P g — > L q B °°, for j — 0, 1, implies T : L P B —> L q B , with the standard relationships 
between p,po,Pi and q,qo,qi- However, the proof presented here is slightly neater, 
and is all we will need. 
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Chapter 2 
Maximal Operators 



Given an adapted family ipj and a function / : T — > C, we will be interested in 
"averages" of / with respect to the family. In particular, given the sequence 



the associated £ 2 and £°°-norms will be useful quantities. The £°°-norm is examined 
in this chapter. The £ 2 -norm is the principal subject of Chapter [3j Let 



Instead of studying this operator directly, it will be more useful to study a different, 
but related operator; one which is independent of any adapted family. 

2.1 Hardy-Littlewood Maximal Function 

Definition. For / : T — > C, define the Hardy-Littlewood maximal function [TO] by 



where the supremum is taken over all intervals in T containing x. Similarly, define 
the dyadic maximal function Mjjf(x) where the supremum is instead taken over all 
dyadic intervals containing x. 

We will not be interested in proving results for Md, per se, but it will prove a 
useful tool in this and other chapters. 

Proposition 2.1. For any complex-valued functions /*., f,g onT and any scalars a, 



M'f(x) = sup h(<pi,f)\xi(x)- 
j U 
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1. M(f + g) < Mf + Mg and M(af) = \a\Mf, 

2- l/l < |g| a.e. implies Mf < Mg pointwise, 

3- \fk\ T \ f\ a - e - implies Mf k | Mf pointwise. 
The same is true for Mp. 

Proof. The proofs for M and Md are essentially identical, and we handle only the M 
case. 

(1) Fix x G T and an interval / containing x. Then, it is clear that |/| _1 jj \ f{y) + 
g{y)\ dy < II]- 1 fj \f(y)\ dy + II]- 1 £ \g{y)\dy < Mf(x) + Mg(x). As I is arbi- 
trary, M(f + g){x) < Mf(x) + Mg(x). Also, M(af)(x) = sup {I]- 1 Jj \af(y)\ dy = 
\a\sup\I\- 1 f I \f(y)\dy= \a\Mf(x). 

(2) Fix x G T and an interval I containing x. Then we have immediately that 

I 1 ! -1 Si \f(y)\ d V < // \9(y)\ d V < M 9( x ), whicn implies Mf{x) < Mg(x). 

(3) From statement 2 above, Mf l < Mf 2 < ... < Mf. Fix x G T and e > 0. 
There exists an interval I containing x so that Mf(x) < |/| _1 J] \ f{y)\ dy + e/2. By 
the monotone convergence theorem, Jj\fk(y)\dy f Jj\f(y)\dy. So, choose N such 
that k > N implies li"!" 1 Jj \f k (y)\dy > Jj \f(y)\ dy - e/2. Then, for all k > N, 
it follows Mf(x) < l/l -1 J> [ + e/2 < I/)- 1 j) \f k (y)\ dy + e < Mf k (x) + e. As 
e > is arbitrary, Mf k (x) | Mf(x). □ 

Proposition 2.2. For any / : T — ► C, we /iai>e M'/ < M/ pointwise, where the 
underlying constant is independent of f . 

Proof. Let tpi be an adapted family and / : T — > C By Theorem ll.9[ write 

oo 

= 2^, 2 Vi> 

k=l 

for each J, where y?j are uniformly adapted to /. In particular, ||y?J||oo ^ 1 uniformly 
in / and k. Further, supp C 2 h I when k is small enough and identically 
otherwise. 

Fix /, and suppose |/| = 2~ n . Let x G /. Then, 
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i^|(^,/>M^)<^i: 2 " 10fe / l/(*)H*)l<k = mE/ l/WH*)!^ 

II I I fc=1 II fc=1 J2 fc / 

4fi 2 " 10l L l/w,<fe ^S 2 " 9 ML l/wldi 

n oo 



k=l k=l 



Of course, if x ^ /, this holds trivially. As / is arbitrary, take the supremum to see 
M'f(x) < Mf(x). □ 

In light of this, any boundedness property of M will hold automatically for M' . 
Therefore, we restrict our attention to M for the remainder of the chapter. 

For any interval I C T, denote by I* = 31, if |/| < 1/3, and I* = T if |/| > 1/3. 
Thus, I CI* and |/*| < 3|/|. 

Claim 2.3. Let A,B be intervals inT. If An B is non-empty and \B\ < \A\, then 
B C A*. 

Proof. Suppose A, B have centers xa, %b- Pick z E A n B. Then, for 



dist(x, xa) < dist(x, xb) + dist(rr.B, z) + dist(z, xa) 
< \B\/2 + \B\/2 + |A|/2 < 3|A|/2. 

Namely, x E A* and B C A*. □ 

Of course, dist(-, •) refers to disti^-, •)■ As we will be exclusively on T from now 
on, we no longer make this distinction. 

Claim 2.4. Let A,B be intervals inT. IfAnB and A — B* are both nonempty, then 
B C A*. 

Proof. Suppose A, B have centers xa,%b- Let u E A C\ B and t> E A — B*. That 
is, dist(u,x A ) < \A\/2 and dist(w,x B ) < \B\/2. Also, dist(i>, a^) < \A\/2, but 
dist(v,x B ) > 3151/2. Then, 



3\B\/2 < dist(f , xb) < dist(t>, xa) + dist(x j 4, u) + dist(w, x^) 
< \A\/2+\A\/2+\B\/2, 
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which implies \B\ < \A\. It now follows by Claim [231 that B C A*. □ 

The following is a decomposition lemma similar to that of Calderon and Zyg- 
mund [3], of which we will ultimately prove several different versions. 

Lemma 2.5. Let f : T — > C and a > so i/iai {M/ > a} is non-empty. Then, there 
exists a sequence of disjoint intervals Ij such that {Mf > a} C (J . I* and 

a If 

4 - 777 / \f( x )\ dx f° r al1 l r 
I j\ J ij 

Proof. Let Q = {Mpf > a/4}. Assume Q is non-empty. This will be justified shortly. 
Let T> be the countable collection of all dyadic intervals / such that 4r Jj dy > 
a/4. By construction, Q = {J V I- We say a dyadic interval / G T> is maximal if for 
every I' G T>, we have either I' Q I or 1,1' are disjoint. Clearly, every / 6 D is 
contained in a maximal interval. Let Ji, I2, . . . be the maximal intervals of T>, which 
are necessarily disjoint. Further, it is clear that 

V N 

Let x G {M/ > a}. By definition, there is an interval J containing x so that 
4j fj l/l dm > a. Write J = [a,a+ \ J\}. Choose k G N so that < |J| < 2- fc , 

and pick an integer j so that (j - l)2 _fc < a < j2~ k . Then, a + \ J\ < (j + l)2~ k . 
Let I = [2~ k (j - l),2~ fe j] and V = [2~ fc j, 2~ fc (j + 1)], which are both dyadic and 
J C / U I'. It follows that either 

/ \f(x)\dx> a\J\/2 or I \f{x)\ dx > a\ J|/2. 

Without loss of generality, assume it is the first. But, |J| > 2 _fc_1 = |/|/2. Thus, 
L \ f{x)\ dx > a|/|/4, or / G T> (it is now clear that Q is non-empty). So, / C Ij for 
some j. As / fl J is non-empty and |J| < |/|, we have by Claim [2731 that x G J C 
/* C /*. As x is arbitrary, {Mf > a} C \J j I*. □ 

Theorem 2.6. M : L 1 -> L l o °. 

Proo/. Fix a > and set E = {M/ > a}. If E is empty, the |i?| < ||/||i/a trivially. 
Assume it is not empty, and apply Lemma [2.51 to find disjoint intervals Ij. Then, 
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As a > is arbitrary, this completes the proof. □ 
Corollary 2.7. M : L p ^ L p for all 1 < p < oo. 

Proof. As M is sublinear, it suffices by the Marcinkiewicz interpolation theorem to 
show M : L°° — > But, for any i6T and any interval J containing x, 

l^/l/(y)|di/<ll/IU 

which implies IIM/Hoo < \\f\U □ 
Corollary 2.8. For / e L 1 (T) ; |/| < M D / < M/ o.e.. 

Proof. The fact that Md/ < M/ pointwise is clear, as the supremum in M is taken 
over a larger class of sets. 

For each x G T, let ifc(x) be the dyadic interval containing x with |/| = 2~ k . 
Define 

V/(x) = limsup ) I \f(y) - f{x)\dy. 

k^oo \lk{X)\ Jl k (x) 

Let e > 0. As the continuous functions are dense in L 1 (T), choose g continuous so 
that \\h\\i < e where / = g + h. Define V g and Vh accordingly, and note Vf <V g + Vh- 
Fix x E T and let 5 > 0. As g is continuous at x, there is some r so that \x — y\ < r 
implies \g(x) — g(y)\ < 5. Then, for all k > — log 2 r, we see 

\g(y) -g(x)\dy < 5. 



\h(x)\ j Ik(x) 

That is, V g (x) < 5. As 5 and x are arbitrary, V g = 0. So, Vf < Vh. 
On the other hand, we clearly have 



V h (x) = limsup lT ) / - h(x)\ dy 

k Jl k ( x ) 

< limsup - — ]— [ \h(y)\ dy + \h(x)\ < M D h(x) + \h(x)\. 
k \h[x)\ J h{x) 

Thus, for all t > 0, 
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\{xeT:V f (x)>t}<\{V h >t}\ 

< \{M D h > t/2}\ + \{\h\ > t/2}\ 

<~||M|U^ L i,o ||/ i || 1 + ~||/ i || 1 

< ||M|| L l^ L l,oo). 

As e > is arbitrary, \{Vf > t}\ — 0. As t is arbitrary, Vf — a.e.. Namely, 
/(x) = lim* l/^x)!" 1 f h(x) \f(y)\ dy < M D f(x) a.e.. □ 

2.2 Fefferman- Stein Inequalities 

Our goal in this section will be to prove the classical Fefferman-Stein inequalities [7] 
below. 

Theorem. For any sequence fx, fi, ■ ■ ■ of complex-valued functions on T and any 
1 < p, r < oo 



k=l 

oo 



fc=i 



l/r 



< 



l/r 



< 



l.OO 



k=l 

oo 

El/* 

fc=i 



l/r 



l/r 



where the underlying constants depend only on p and r. 

Note the similarities between these results and what we know about M. In both 
cases, we have L 1 — > L 1,ao and LP — > L p (1 < p < oo) results. But, here, there can be 
no L°° estimate. Indeed, fix 1 < r < oo and set f k = X[2~ k - 1 ,2~ k )- Then, (Yl l/fe| r ) = 
X(o.i/2)j which has L°°-norm 1. But, if x G [0,2 _Af ], then x G [0,2 _fc ] for any k < N. 
So, Mf k {x) > \[0,2- k ]\- 1 f [0 ^ k] f k (y)dy=l/2. Namely, (£ \M f k (x)\ r ) 1/r > N^/2 



OO. 



for every x G [0, 2 ]. As N is arbitrary, ||(^ \Mfi 

One can also see that no r = 1 estimate could exist. Fix a positive integer N and 
set f k = X[(k-i)/N,k/N) fork<N and f k = for k > N. Then, ]T \ f k \ = 1, which has 
lAnorm 1 for every 1 < p < oo. On the other hand, fix x G T. Choose 1 < j < N 



r i-i i 
interval J, with |J 



so that x G [^r, jj). Fix 1 < /c < iV and denote r 



N 



+ 4. Then, there is an 



r, containing [^r, ^] and [^-, 4], thus x. So, 
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Hence, £ \Mf k (x)\ > ££ =1 Jt^Ti > E?=i ITT ^ lo S # " L This holds for a11 x ' so 
|| |M/fc||| p > logiV — 1. As iV is arbitrary, no r = 1 estimate could exist. These 
two counterexamples are taken from Stein [32] . 

Finally, we note that the r = oo case also holds (even for p = oo), almost trivially. 
One only needs to note that sup fc M/ fc < M(sup fc pointwise, and apply the L p 
theory of M. 

Lemma 2.9. Let f G L 1 (T) and a > \\f\\i a constant. Then, there exists a sequence 
of disjoint dyadic intervals Ij such that, if ft — [jjlj, then \ f\ <a a.e. on Q c and 

— — - / \f(x)\ dx < 2a for all Ij. 
Mil Jij 



Proof. Define Q = {Mpf > a}. As |/| < Mjjf a.e., we see immediately that 
|/| < Muf < a a.e. on Q c . If Q is empty, then |/| < a everywhere. Thus, 
Ii dy < a for any interval I. Simply choose a dyadic interval I\ so that 
I-TlI < ll/l|i/ a ) an d let be empty for j > 1. Then, |fi| < ||/||i/a, and all conditions 
are satisfied. 

Now, assume Q is not empty. Let T> be the countable collection of all dyadic 
intervals / such that A fj \f(y)\ dy > a. By construction, Q = \J V I. We say a 
dyadic interval / G T> is maximal if for every I' G T>, we have either I' C / or J, J' 
are disjoint. Clearly, every / e D is contained in a maximal interval. Let I\, I2, ■ ■ ■ 
be the maximal intervals of T>, which are necessarily disjoint. Further, it is clear that 

n = \Ji = {Ji k . 

V N 

As each I k G V, we have a\I k \ < J T \f(y) \ dy. As the I k are disjoint, simply sum 
over k to see a|0| < L |/(y)| cfy < ||/||i. On the other hand, if |Jfc| < 1/2, then 
there is some dyadic interval I' k which contains I k and satisfies \I' k \ = 2\I k \. But, 
I' k V, because otherwise I k could not be maximal. Thus, a\I' k \ > Jj, \f{y)\dy, 
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which implies j h \f(y)\dy < J r \f(y)\ dy < a\I' k \ = 2a\I k \. Similarly, if \I k 
then J] \f(y)\dy < \\f\l, < a = 2a\I k \. 



1/2, 
□ 



Lemma 2.10. For any sequence fi, f2, ■ ■ ■ on T and 1 < r < oo 



l/r 



k=l 



< 



£i/*r 



l/r 



k=l 



where the underlying constants depend only on r. 
Proof. Simply note that 



l/r 



k=l 



V|M/ fc (x)| r ) dx = S^ \Mf k (x)\ r dx 

k=l J k=l 

oo „ 

<I|M||^X^ / \fk(x)\ r dx 
k=i Jr v 



\\M\\ 



£i/*r 



l/r 



k=l 



Theorem 2.11. For any sequence fx, f2, ■ ■ ■ onT and 1 < r < oo 



l/r 



k=l 



< 



l,oo 



k=l 



l/r 



□ 



where the underlying constants depend only on r. 

Proof. Denote F(x) = (YlT=i \fk( x )\ r Y^ r > 0. If F is not in L 1 , then there is nothing 
to prove. So, assume F e IMY). Let a > \\F\\x. Then, by applying Lemma [2.91 to F 
and a, find disjoint intervals Ij, Q = [jlj, satisfying 



3=1 " 

(b) F < a on fi c , 



l r 

(c) — — - / F(y) dy < 2a for each Ij. 



Decompose each f k into fk = f' k + f' k where f' k = f k xn- and f' k 

F' = (E\fk\n 1/r - 



f k Xn- Denote 
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As f' k < fk pointwise, it is clear that F' < F pointwise. On the other hand, F' is 
on Q. So, by (b) above, we see F' < a. Thus, 



\F%= / |F / (x)| r dx<a r - 1 ||F'|| 1 <a r - 1 ||F||i. 
Jj 



Applying Lemma [2.101 we have 

l/r 



k=l 



< 



l/r 



fc=l 



FT <« ll^lli- 



An application of Chebyshev's inequality yields 



1/ 



fc=i 



l/r 



fc=l 



< -llFlh. 

*^ II 1 1 -L 

a 



On the other hand, define functions gu by 



o, ifx^a 



As the Jj are disjoint, this is well-defined a.e.. Let = (J^ l^fcH 1 ^, which is 

supported on fl. 

Fix x £ Q. Then, x is in some Ij. By the generalized Minkowski inequality (see 
Lieb and Loss [20] or Rudin [28]) and (c) above, we have 



J2 [fry / l/*(v)|dy] r ) < rrr / (£l/*(v)l r ) ^ 
fe=i I j I "'^ / I ji fc=1 



rrr / F(y)dy<2a. 



Hence, as G is supported in fl and bounded by 2a, we see < a r \fl\ < a r 1 ||F||i. 
Precisely as was done above, apply Lemma 12.101 and Chebyshev to see 



f 00 i/ ^ 1 00 

(£W) r >«/6 <- fe\Mg 

^ k=l ' k=l 



l/r 



< -llFlh. 



a 



Now, we would now like to establish some relationship between Mg k and Mfj!. 
First, note that for any Ij, 
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\g k {x)\ dx 



i lfk{y)ldy ) dx = I \fM\ d v = l \fk(y)\ d y- 



Set Q* = {JI*. By (a), 

|ni<£l£l<3£|Jil<i||F|^ 

j j 

Fix x ^ Q* and / an interval containing x. As each f'l is supported on f2 = (J /j, we 

see 

4 / iy*(y)|dy = 4rE / l/*(v)l d i/ = T7rE / ItfMI^ 

where J = { j : 1,-n/ 7^ 0}. But, for j G J, we have IjHl 7^ and x G J-fi* C /-/*• 
By Claim [231 this implies Jj C I*. So, 



= \9k(y)\dy < |ij jf |</fc(y)|dy 

< |4 - jjg h {y)\dy<?>Mg k {x). 

As 7 is arbitrary, Mf£(x) < 3Mg k (x). As 1 ^ is arbitrary, this holds on T - fl*. 
Hence, (£ IM/^T) 1 ^ < 3(£ |Mc/ fc | r ) 1/r on T — ft*, and 



r 1/ 

xGT-lT : (^|M^(x)r) r >a/2 

^ k=l 

x eT -Q* : (y2\Mg k (x)\ r ) * > a/6 
fc=i 



< 



< 



1/r 



> a/6 



fc=i 



< 



... Il^lli. 

a 



Therefore, 
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( 00 1/ 'I ( 00 1/ 

(Ei M ^i r ) r> «/ 2 = f eT - fi ' : (Ei M /^)i r ) r> «/ 2 
^ fc=i j ^ fe=i 

00 . , 

6fl*:(X;|MM') r >«/2 



<I||F|| 1 + |fi*| < -ll^lk- 
a a 



Recall f k = fk + fk, so that M/ fc < Mf k + M/£. By Minkowski, 

OO j, OO j, OO j. 

EiM/ fc (x)r) <(x;w*(*)i r ) r + (Ei M ^)i r ) ■ 
fc=i fc=i ' fc=i 

Finally, we see 



l/r 



> a 



k=\ 



< 



l/r 



> a/2 



k=l 



< -ll^lll- 

II 1 1 J- 



{(Ew) 1/r >«/2| 

^ k=l > 



This holds for all a > ||F||i. But, if a < ||F||i, then \Mf k \ r f/ r > a}\ < 1 < 
||F||i/a trivially. This completes the proof. □ 

Theorem 2.12. For any sequence fx, /2, • • ■ on T and 1 < p < r < 00 



l/r 



k=l 



< 



l/r 



k=l 



where the underlying constants depend only on p and r. 



Proof. The case p = r has already been shown in Lemma 12.101 Let B = £ r , a Banach 
space. Then, _M(T, B) is the set of sequences of functions / = / 2 , . . .) where each 
/ fc : T -> C is measurable. Further, ||/(x)|| B = (£ fe l/fcO0r) 1/r - 

Define M on .M(T, B) by M^, / 2 , . . .) = (M/ 1; M/ 2 , . . .). Then, M is sublinear 



by Minkowski. Theorem 12.1 II says M : L l B — > and Lemma 12. 101 says M : 



L^. It follows then from Theorem 11.111 that M : L P B — > for all 1 < p < r, which 
is exactly what we wanted to prove. □ 
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Lemma 2.13. For any 1 < r < oo and any f, : T — > C, we have 

[ \Mf\ r \<j>\ dx< [ \f\ r M<j>dx, 
Jt Jt 

where the underlying constants depend only on r. 

Proof. Fix : T — > C. If is identically 0, there is nothing to prove. So, assume 
otherwise. We consider the operator M from (T, M0 dx) to (T, |0| dx). 

As is not identically 0, M0 > everywhere. Hence, || • ||oo = || • || L°°{M<j>dx)- 
On the other hand, it is clear that || ■ ||iK>(U|dx) < || ■ ||oo- Thus, HM/Hic^u!^ < 
||M/||oo < ll/IU = Namely, M : L°°(T,M0 dx) -> L°°(T, |0| dx). 

Fix a > and / : T — ► C. Consider {M/ > a}. Assume for the moment that this 
set is non-empty. By Lemma [231 choose disjoint intervals Ij so that J\ \f\ dm > 
a/4 and {Mf > a} C (J^ J f Th en, 



f f{x)M(j>{x) dx> jf /(a;) jf |0(|/)| dy) dx 

/ Wi/)|dy- 

Summing over j, we have 



12 y 7 



a 



|0(x)| 



{M/>a} 



dx<12V / f{x)M<j){x)dx < I f{x)M(j){x)dx. 
• Jij Jt 



This holds so long as {Mf > a} is non-empty. However, if this set is empty, the 
above holds trivially. This says M : L 1 (T,M0 dx) -> L 1,0O (T, |0| dx). 

Therefore, we see M : L r (T, M0 dx) — > L r (T, |0| dx) for all 1 < r < oo by the 
Marcinkiewicz interpolation theorem. This is precisely the statement we wanted to 
prove. □ 

Theorem 2.14. For any sequence fi, f2, ■ ■ ■ onT and 1 < p, r < oo 



l/r 



k=l 



< 



l/r 



k=l 



where the underlying constants depend only on p and r. 
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Proof. The case 1 < p < r < oo has already been shown in Theorem 12. 121 

Fix 1 < r < p < oo. Let q = p/r > 1 and \\4>\\ q ' < 1 (where 1/q + l/q' = 1). Then, 
by Lemma 12.131 



/oo « oo oo 

j2\Mf k \ r \<p\dx< / £i/ fc wds< ||Ei^r|| iwn 
-' fc=l ^ T fc=l fe=l 9 



~ IT'll-; 



£lM r 

k=l 

As in the unit ball of L q> is arbitrary, we have 



< 



El/* 



Ei M M r ) r =||Ei M M r || =su p Y,\ M f^\ dx: 

k=l V k=l 9 ^ ^ T fc=l 



< 



oo oo 



fc=i 



l/r 



fe=l 



< 1 



□ 



2.3 Strong Maximal Operator 

There are multiple ways to define maximal operators for functions / : T d — ► C. If 
the maximal function is defined to be the supremum over one-parameter "cubes" in 
T d , then it would satisfy all the preceding results by essentially the same arguments. 
However, we will be most interested in a multi-parameter maximal function. This 
will require the following definition. 

Definition. We say a set R C T d is a rectangle if R = l\ x 7 2 x . . . x I d , where each 
Ij is an interval. 

Definition. For / : T d — > C, define the strong maximal function by 

M s /(x) = sup-^ [ \f(y)\dy, 

x&R \ K \ J R 

where the supremum is taken over all rectangles in T d containing x. 

It is immediately clear that HMg/Hoo < ||/||oo, as before. In addition, Ms satisfies 
the same LP — > LP estimates. To prove this, we take a slight detour. 
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Denote M(T d ,C) the set of measurable functions / : T d — > C. For an operator 
L : M(T,C) -> -M(T,C), and 1 < j < d, define L,- : M(T d ,C) -> 7W(T d ,C) as the 
operator which applies L to functions with all but the j th variable fixed. Explicitly, 

Ljf(x U ...,X d )= L(f(x U . . . , Xj-!, ; X j+1 , . . . , X d )) (Xj). 

Theorem 2.15. If L : L P (T) — > L P (T) for some < p < oo, then it follows Lj : 
L p {T d ) -> L p (T d ) /or a// 1 < j < d. Similarly, if L : L P (T) -> L P '°°(T) /or some 
< p < oo ; £/ien Lj : L p (T d ) — > L p '°°(T d ). Finally, if L satisfies any Fefferman-Stein 
inequalities on T for any r and/ or p, then Lj satisfies the same inequalities on T d . 

Proof. For simplicity, we assume d = 2 and j = 1. Suppose L : L P (T) — > L P (T) with 
p finite. Let / : T 2 — > C, and fix x 2 G T. Write f X2 { x i) — f(x 1 ,x 2 ). Then, 

/ |L!/(a;i,a; 2 )| p tfai= / |L(/ ea )(a;i)| 1 'tfa;i 

< / If^x^dx^ [ \f(x 1 ,x 2 )\»dx 1 . 
jt jt 

Integrating in the ^-variable, we see 



||^i/|II P ( T 2) = J ^ \L 1 f(x 1 ,x 2 )\ p dx 1 dx 2 < J ^ \f(x 1 ,x 2 )\ p dx 1 dx 2 = \\f\\ p LP(J 2y 

On the other hand, if p — oo, then \L 1 f(xi,x 2 )\ < ||/(-, £ 2 )||l<x>(t) for a.e. x±. But, 
||/(-,aJ2)IU<»(T) < ||/IU-(T2) for a.e. x 2 . Thus, ||Li/||l~(t2) < \\f\\ L ^{T^)- 

Now suppose L : L P (Y) — > L P,00 (T). Then, for any A > and any x 2 G T, we have 

\ p \{x 1 eT:\L 1 f(x 1 ,x 2 )\>\}\< / \f( Xl , x 2 )\ p dx 1 . 

JT 

Integrating 



X p \{(x l7 x 2 ) G T 2 : \L 1 f(x 1 ,x 2 )\ > A}| = A p / \{ Xl G T : \L 1 f(x 1 ,x 2 )\ > \}\dx 2 

JT 

\f{xi ) x 2 )\ p dxi dx 2 . 

2 

As A is arbitrary, we have ||Li/||^ Pi(X> ^ T 2) < II/IIlp(t 2 )- Any Fefferman-Stein type 
inequalities are extended in the same way. □ 
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Applying the definition above to M, consider M r Explicitly, 

Mjf(x) = sup / \f(x u Xj-i, yj, x j+1 , ...,x d )\ dy r 

Xj€l M | J I 

By the theorem, Mj : L p (T d ) -> L p (T d ) for all 1 < p < oo. 

On the other hand, fix x G T d . Let e > and choose a rectangle x & R so that 

M s f(x)<^- Jjfmdy+e. 
Write i? = fx x ... x I d , so that re, G for each j. Then, 



M s f(x) - e < — 1 / dy 

Mil " " " \ 1 d\ J^x.-Xld 

= T77 / 177/ ■■■iVd)\dyd---dy 1 
Mil j/i Md| j/ d 

- TT7 / " 77~~7 / M df{Vi, Vd-i, Xd) dj/d-i ■ ■ ■ dy x 

Mil J/x M<2-l| J7 d _! 

< Mi o M 2 o • • • o M d f(x). 
As e is arbitrary, M s / < M x o • • • o M d f. From this, it is easily observed that 

\\M s f\\ p <\\M\\ d LP ^ LP \\f\\ p 

for all 1 < p < oo. However, Ms does not satisfy an L 1 — > L 1,co estimate. Precisely 
which set of functions is mapped to weak-L 1 by Ms is the subject of later chapters. 
For now, we postpone this topic. 
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Chapter 3 

Littlewood-Paley Square Function 



In this chapter, we focus on a particular square function of Littlewood-Paley the- 
ory [2D 1221 1231 ED]. 

For an adapted family Lfj, define 0/ = |/| _1 / 2 v?/, and note \\4>i\\2 < 1 for all /. 
Often, <fti is called an L 2 -normalized family. Unless otherwise noted, (pi will always 
represent an adapted family, and 0/ will always represent the L 2 -normalization. 

For the rest of this chapter, we focus on 0-mean adapted families. For a 0-mean 
adapted family <pj and its normalization (pj, define the Littlewood-Paley (discrete) 
square function by 

s f( x ) = y z_j — |jj — xi\ x ) j , 

where the sum is over all dyadic intervals. Note that S is sublinear. We are interested 
in proving LP L p estimates for this operator. All the underlying norm constants will 
depend on the original choice of ipj, and, in particular, the constants C m . However, 
for the sake of neatness, we suppress that dependence. 

3.1 The L 2 Estimate 

Recall the notation l n = I + n\I\. The "canonical" representation is l n where |n| < 
1/2|/|. That is, the smallest |n| giving this set. 

Lemma 3.1. For any 0-mean adapted family and any integer \n\ < 1/2\I\, 
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Proof. First, if \n\ < 1, then |(0 7 , <j> In )\ < ||0/|| 2 ||<M|2 < 1 < 4 (|n| ^ 1)2 . So, assume 
|n| > 1. 

Suppose, for simplicity, that n > 0. The other case follows in the same manner. 
If |J| = 2- k , set N = 2 k -\ so that T = \J{I m : -N + 1 <m < N}, and this union 
is disjoint. Set a(n) = ! ^ if n is odd and | if n is even, so that a(n) is a positive 
integer, which is strictly less that n. Observe, 



1 1 ^ 

|(0/,0/n)| = — / ip I (x)lf I n(x) OIX =— / ^l{x)if I n{x)dX 



< 



1 ^ f 



m=-JV+l 
AT 



~ |/| 



m=-JV+l 



m=-iV+l 



dist(/ m , J) 



1 + 



dist(/ m ,/ ri ) 



It is clear that 



dist(/,/ m ) 1 , . „ >. dist(/",/ m ) . r . n 1 , . , 
— = \m\ — 1 (m ^ OJ, — = mm \ \n — m\,\n + m\f — 1 (m ^ n). 

Therefore, 



m=-JV+l ^ I I / V 11/ 

< ^ / | dist(/ m ,/") y 3 1 ^ / | dist(/ m ,/) y 

H<a(n) ^ ' ' a(n)<|m|<JV ^ ' ' 
1 1 

' minfln + ml, In — ml) 3 ^-^ |m| 3 

|m|<a(n) Vl " 1 17 a(n)<|m|<JV 1 1 

2 E^^ + 2 E 4< 2 E -V 2 E A 

z — 4 m — mr z — ' mr z — ' mr z — 4 mr 



a(n) 1 AT 1 n 1 AT 

< _ 

m=0 m=a(n) m=a(n) m=a(n) 

< 4 V±< ' < 1 



m 3 ~ a(n) 2 ~ (n + l) 2 

m=a(n) K J V > 
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□ 



Let 7 be a dyadic interval with |7| = 2~ k . Then, for 1 < j < k — 1, let J be 
the unique dyadic interval containing 7 with |J| = 2 J ']7|. For \n\ < 1/(2|J|), denote 
7(j, n) = J n . That is, for an interval 7, 7(j, n) is the interval obtained by enlarging 
to the dyadic interval of length 2 J '|7| and shifting n units of the new length. 

Lemma 3.2. For any 0-mean adapted family with j and n as above, 

\(<t>iAi{j,n))\ <2' J (\ n \ l +l y 

Proof. Suppose |7| = 2" k . Let J be the dyadic interval containing 7 with \ J\ = 2 J |7|. 
Then, J n = I(j,n). Set N = 2 k ~i~ l so that T = \J{J m : -N + 1 < m < N} and 
T = |J{7 m : —2 j N + 1 < m < 2 J, iV}, and these unions are disjoint. 

For a moment, let us think of ipi as a periodic function on the real line. Let I' be 
an interval in T, which can be thought of as an interval on the real line contained in 
[0, 1]. Then, for i,zG I', we have by the mean value theorem that \tpi{x) — (fi{z)\ = 
\(p'j(z x )\\x — z\ < \(pj(z x )\\I'\, for some z x in I'. Thus, if we fix a z rn in each I m , as </?/ 
has integral 0, 



1 1 2JN r 

\{<t>iAi(j,n))\ < |/|1/2 |J|1/2 Yl (pi(x)(pj»(x) dx 

1 ■ I ™ ni at i i J I m 



1 



m=-2JiV+l 



= 2 " ,7 m £ 

m=-2JW+l 
2^ N 

m= -2iN+l 
2i N 

<2-/ 2 Yl 



(P!(X) (fijn(x) - ipjn(z m ) 



Jm 



dx 



\^WA^)\dx 



m=-2iN+l 
23 N 



i + 



dist(7 m , J) 



1 + 



dist(7 m , J n 

u\ 



-10 



2-3,72 (l + dist( ^ J) 



rn= -23N+l 

Hence, if |n| < 1, then 



-4 



1 + 



dist (I m ,J n ) 
\J\ 



-10 



49 



2^N 



y%))i<2- 3j/2 E 1 



2i N 



dist(7 m , I) 



< 2~ 3j / 2 



m=l 



^ m 4 - ^ m 4 



< 2~ 3j/2 < 2~ j < 4 • 2~ j 



< 2~ 3j/2 
1 

(|n| + l) 2 ' 



m=l 



Therefore, assume \n\ > 1. As before, consider only the n > case, as the other is 
done in the same way. Let a(n) be as previously defined. First, we see 



^ A + dist (Z",Z) \ - 4 / + dist(/ m ,J") \ - iU ^ 



E i'- 

2ia(n)<|m|<2iAf 



dist(J m , I) 



2m 

m=2-?«(n) 



oo 

2 y — < — 



< 



m=a(n) 

On the other hand, by Holder, we have 



m 4 ~ a(nf ~ (|n| + l) 2 ' 



E + ^ 

|m|<2Jo(n) x 1 



dist(7 m ,7)VY 1 | dist(/ m ,J ra ) ^ 10 < 



o\ 1/2 / ,-\ 1/2 

^ 1 1 , dist(/ m ,/) y 2 \ / ^ / dist(/ m ,j— ~ 5X 



|m|<2J'a(n) \ 1 1 7 / x |m|<2J'a(n) 

0-E^)' /2 ( E + 

x m=l 7 \ |m|<2Ja(n) x i i / 

( E (-^r) 1/2 

\|m|<2J Q (n) V 1 1 7 / 



1^1 

-5\ ■ * 



< 



< 



For each \m\ < 2 J "a(n), there is an m' so that I m C J m and \m'\ < a(n). Further, 
there are exactly 2- ? of these I m contained in each J m ' . Thus, 
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,|m|<23a(n) V 1 1 7 / V |m|<a(n) V 11/ 

i \ V2 / «W i \ 1/2 

- / -— ' minfln + ml, In — ml) 5 / ~ V ^ \n — m| 5 

|m|<a(n) 177 V m=0 1 1 

, oo x 1/2 1 1 

V ^ m 5 i ~ a(n) 2 ~ ( n + l) 2 

m=a(n) 

Finally, combining all of this, we have 



. . w „ ^ / dist(/ m ,/)\~V dist(/ m ,J n )\ 



m=-2JJV+l 



< 2^- ' 



L(| n | + i)2 (|n| + l) 2 J ~ (|n| 2 + l) 



For any iVeN, define the linear operator L N by 

|/|>2- Ar 

The following is the crucial estimate in our desired L 2 result. 

Lemma 3.3. For any 0-mean adapted family and any function f : T — > C, 

II Will < E k^>i 2 ' 

|/|>2- Ar 

where the underlying constant is independent of N and f. 
Proof. We note that 
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\\ L Nf\\ 2 = / L N f(x)L N f(x)dx 

= /[ E (hJ)Hx)\ \ £ ¥JJ)<t>j(x) 

= £ (<t>i,f)¥JJ){<i>j,<t>i) 

\I\,\J\>2-" 

< £ I <</>/, /> 1 1 <</>./, /)IK0j, 0j>I- 

|/|,|J|>2-^ 



We break this sum into three pieces: the terms where \I\ = \J\, where |/| < | J|, 
and where |J| < |/|. The last two pieces are symmetric, and we only prove one of 
them. For the first piece, 

£ \(h,f)\\(hJ)\\(h,h)\ 

\I\=\J\>2~" 

1/(2|/|) 
|/|>2-^n=-l/(2|/|)+l 

For the purposes of this proof only, we adopt a notational convention. For an interval 
I and integer |n| < 1/(2|/|), let I n be as normal, and 0/« the adapted family member 
for this interval. But, for n not satisfying this property, let (pin be identically 0. Then, 
by Lemma [37TI \ {4>i,4>i n ) \ ~ + 1)~ 2 f° r an n - Further, we can write 



E i(0/,/)ii(^,/)ii(0/,0j)i = E E i<^/>ii<^/>ii<^«i 

\I\ = \J\>2~ N n&\I\>2- N 

^Et^tp E kmm^m 

neZ 11 1 ' |7|>2" JV 



1/2 / ^ 1/2 

2 \ / I I A f\\2 



^EthW( E k^i 2 ] ( E k*"^i 

neZ Vl 1 ; V |/|>2" JV 7 V |/|>2- JV 

= ( E k^E^ 
<( E K^/)i 2 )- 

^|/|>2- Ar 
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The transition from the fourth to fifth line follows because for a fixed n, summing 
over all I n is equivalent to summing over all /. The shift is irrelevant in this regard. 

Now let us focus on the case |/| < \J\. Again, we adopt here some unusual 
notation. For appropriate j and n, let J(j, n) be as defined before and <fii(j, n ) as 
normal. If either j or n is not small enough with respect to /, then set 4>i(j, n ) to be 
0. Then, by Lemma [3T2| \((f>i,4>i(j,n))\ ^ 2~ jf (|n| + 1)~ 2 for all j and n. Further, 

E l(^/)IK^/)ll(^^)l 

\J\>\I\>2-" 

N fc-1 2 fc ^~ 1 

= E E E E i(^/)iK^o»>/)iK^^»}i 

k=l \I\=2~ k j=l n=-2 fc -J- 1 +l 
N 

= EEE E \(<t>lJ)\\(Hi,n)J)\\(4>lAlU,n))\ 
jeN nGN fc=l \I\=2- k 

^E 2 "E7Hiip E k^/>ii(^,»)./>i 
^E^EtmW E i(^./)i 2 ) 1/2 ( E k^,./>i 2 )" 2 - 

j'eN n£Z ^ 1 ' ^|I|>2— <V ' ^ \I\>2~ N 

Fix j and n, and consider a dyadic interval |J| > 2 . One of two things is true. 
Either there are no |/| > 2~ N such that J = I(j,n), due to the incompatibility of 
j, n, and/or N. Or, there are exactly 2 J such /. Indeed, if there is an / such that 
I G Jo, where |Jo| = \J\ and Jq = J, then J = I(j,n) for all / contained in this Jq. 
Hence, 
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E i(^/)ii(^/>ii(^^)i 

\J\>\I\>2-" 

1/2 / \ 1/2 



sE^XtmW E K^/)i 2 ) ( E iw>w>i 2 ) 

j'eN n€Z Vl 1 ' ^ |/|>2- Ar 7 ^|/[>2- JV 7 

£E 2 - j E(h^tp( E i^./>i 2 ) 1/2 (2 J E i^./>i 2 ) 

jen nez Vl 1 ; V |/|>2- Ar 7 V |J|>2" JV 7 

= ( E i^./^E^E^ 



< 



\i\>2- N ' jen nez 

E i<^»/>r 

|7|>2" JV 



□ 



OO. 



Theorem 3.4. For any 0-mean adapted family, S : L 2 — > L 2 . 
Proof. Let f <E L 2 and fix # 6 N. First, we note 

E i(^/)i 2 < E ii/iiiwisii/us E 1 

|/|>2- Ar |/|>2" Ar |/|>2- Ar 

= ||/||l(2 + 2 2 + ... + 2") <2 N ^\\f\\ 2 2 < 

Thus, 



E i(^/)i 2 = E /><*/>/> = ( E 

|/|>2- JV |/|>2--' v |/|>2~ JV 

= <W,7)<IIWIl2||/||2<||/|| 2 ( E K^»/>l 

^ \I\>2~ N 



1/2 

2 



implies 



1/2 



< 



E i i ! 

\I\>2~ N 

As N is arbitrary, and the bounds do not depend on N, let N tend to infinity. Then, 
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win = / E%f^^)^ = Ei^/)i 2 ^ 

JT j \ \ j 



□ 



3.2 The Weak-L 1 Estimate 

Lemma 3.5. Let f e L 1 (T) and a > ||/||i a constant. Then, there exists a sequence 
of disjoint dyadic intervals Ii,I 2 ,..., with ft = \J k I k , and a decomposition f = g + b, 
b = J2k ^k, such that 



Nl2<«ll/Hl, 

supp(6 fc ) C I k , \\b k \\i < a\I k \, J b k (x) dx = 0, 

ioi = fw<* 

a 

k=l 

Proof. Define f2 = {M D f > a}. As |/| < M D f a.e., we see immediately that 
l/l < M D f < a a.e. on f2 c . If f2 is empty, then |/| < a a.e. on T. Simply set g — /, 
b k = 0, and I k empty for each k. Then, the conditions are trivially satisfied. 

Now, assume f2 is not empty. Let V be the countable collection of all dyadic 
intervals / such that ^ Jj |/(y)| dy > a. By construction, f2 = \J V I. We say a 
dyadic interval / G V is maximal if for every I' e V, we have either I' C 7 or J, /' 
are disjoint. Clearly, every 7 G D is contained in a maximal interval. Let ii, ^2, • • • 
be the maximal intervals of X>, which are necessarily disjoint. Further, it is clear that 

n = \Ji = \Jh. 

V N 

As each I k e X>, we have < J z \f(y) \ dy. As the I k are disjoint, simply sum 
over k to see ce|Q| < J n \f(y)\dy < ||/||i. On the other hand, if \I k \ < 1/2, then 
there is some dyadic interval I' k which contains I k and satisfies \I' k \ = 2\I k \. But, 
I' k V, because otherwise I k could not be maximal. Thus, a\I' k \ > L, \f(y)\dy, 

k 

which implies J h \ f(y)\dy < f r \f(y)\dy < a\I' k \ = 2a\I k \. Similarly, if |4| = 1/2, 
then J Ik \f(y)\dy < \\f\U < a = 2a\I k \. 
Define the function g by 
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,(x) = /(x)x.,(x) + E(in/^)*)x,.w 



It is easily seen that g(x) 2 = f(x) 2 xn4 x ) + J2k(jh I h f(v) dy) 2 Xi k (x) . Thus > 



Set b = f — g and b k — (f — j-^ /(y) dy)xi k - Then, we immediately have 
J bk(x) dx = 0. Further, each bk is supported on Ik and 6 = bk- Finally, 



Lemma 3.6. If a : T — > C is in L 1 , supported in some dyadic interval I , and satisfies 
j R a(x) dx = 0, then \\Sa\\ L i^ 2 i) < ||a||i- 

Proof. If |/| = 1/2, then 21 = T, and the result is trivially satisfied. So, assume 
|/| < 1/2. Pick a dyadic interval J such that \J\ < \I\. Note, either J C 2/ or J and 
2/ are disjoint. Assume it is the later, i.e. J ^ 2/. Then, 



\\g\\i = /j/(*)l 2 ^ + Er^(/ f(y) d v) 




IN|i= / fW-TTlf f(y)dydx<2[ \f(x)\dx<4a\I k 




□ 



|J|V2 



< 




a(x)||0j(x)| 




a(x)||v?j(x)| 




Therefore, 



56 



E 

\J\<\i\ 



|J|V2 



< 



L X (J-2I) 



|J|<|/|,J^27 V 11/ 

i=l L J^2I,|J|=2-i|7| V 11/ 



-2 n 



Consider the dyadic intervals J so that |J| = 2~ J |/| and J ^ 21. The minimum 
value of dist(J, /) for all such J is \I\/2, due to the definition of 21. But, |I|/2 = 
2- ?_1 | J|. There are two such J, on either side of 2J. Taking one step further from 21, 
there are two J with dist(J, /) = (2 J '~ 1 + 1)| J|. Taking another step, there are two J 
with dist(J, /) = (2 3 ' -1 + 2)| J|, and so on, until we have exhausted T. Thus, 



and 



E 



J<£iI,\J\=2-i\I\ 



K0J, a) I 

2^ I Tll/9 XJ 



IJK 



m |J|V2 



^ Ik'lli 



L 1 (T-27) 



E 2 " J 



Now, let J be a dyadic interval with |J| > |/|. Fix z E I. As in the proof of 
Lemma 13. 2} by the mean value theorem, for all x E I there exists a z x £ / such that 
\(fj(x) — <fj(z)\ < \ip'j(z x )\\I\. Recalling that the integral of a is 0, we have 



I(0j,q)I 

|J|V2 



l 

Ml 



<p,j(x)a(x) dx 



1 

Ml 



a(x 



)(<fj(x) - fj{z)) dx 



< w\) K x ) 1 1^(^)1 dx ~ l^l^rm 



1 , dist(J,/) V 

Ml J 



So, 
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E 

|J|>|/| 



|J|V2 



< 



L 1 (T-2/) 



E 

[Jl>l/I 



|J|V2 



< 



1^1 



Hi Yl 

\J\>\i 

k-l 

\(i [[ , 

3=0 L |J|=2J|7| 



|/| / dist(J,/) V 

1^1 J 



^ V- 1 / dist(J,I) ^ 



if |/| = 2 _fc . Consider the J with |J| = 2 jf |/|. There is one such interval J' with 
/ C J'. Now, for every other such J, we have dist(J, 7) > dist(J, J'). There are three 
such J (including J') with dist(J, J') = 0. Moving farther to the left and right, there 
are two with dist(J, J') = \ J\, two with dist(J, J') = 2\J\, and so on, until we exhaust 
all such J. Thus, 



\j\- 
and 



E 0+^)^ E (i + ^r*3 +2 f:(i + ,r<5, 

|=2J|/| V 1 |J|=2^|J| * =1 



l(0J,«)l 

2_, I TM/9 XJ 



|J|>|/| 



|J|V2 



< ||a||i^2-- ? ' < ||a|| 1 ^2- J ' = 2||a||i. 

i 1 (T-27) i=0 j=0 



Recalling that the £ 2 -norm is always less than or equal to the £ 1 -norm, it follows 



1 1 5^1 1 £1(1-2 /) < 



E 



{a, 9 j) 
\J\W 



-Xj 



< 



Oh. 



L J (T-2/) 



□ 



Theorem 3.7. For any 0-mean adapted family, S : L 



1 . T 1,00 



Proof. Let / G L^T) and a < ||/||i. Then, > a}\ < 1 < ||/||i/a. Now take 

a > || Apply Lemma [3.51 to find disjoint dyadic intervals and write f — g + b. 
Then, by Chebyshev 



\{Sg > a/2}\ < - 2 \\Sg\\j< - 2 \\g\\l< 
Or ™ 



1 



a 
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Applying Lemma [Ml to each b k , we see \\Sb k \\ L i(j„ 2 i k ) < ||fe fc ||i < a\I k \. Define 
VI* = U fe 24, and note < £ fc |24| = 2 £ fc |4| < ll/lli/"- As S is sublinear, 

> a/2}\ < \{x e Q* : Sb(x) > a/2} + \{x G T - Q* : > a/2}| 

< |n*| + ^||56|Ui(r-n.) < ^ll/lli + \ J2 \\Sbk\\ LH T-2i k) 



< - 

a 



^i/iii+2$:i/ fe i< 



Hence, 



\{Sf > a}\ < \{Sg > a/2}\ + \{Sb > a/2}\ 



< 



a 



As a is arbitrary, this completes the proof. □ 

3.3 The Linearization T e 

In order to complete the LP estimates of S, it is necessary to consider a kind of 
linearization. Let <p], be two 0-mean adapted families. Let ej be a sequence of 
scalars, indexed by the dyadic intervals, which is uniformly bounded. Define the 
linear operator T e by 

T e /(z) = £ e/ <#,/)0fcO, 

where 0), <f> 2 are, of course, the corresponding normalized families. By dividing out 
a constant, we can assume |ej| < 1. Our first goal will be to prove T € maps L 2 to L? . 
This follows easily using what we know about S. 

Theorem 3.8. For any 0-mean adapted families, T e : L 2 — > L 2 , where the underlying 
constant is independent of the sequence e. 

Proof. Fix a sequence (ej) where \ei\ < 1 for all /. Let (p], (p 2 be two 0-mean adapted 
families, and S 1 , S 2 the associated square functions. Fix / e L 2 (T). Let \\gW2 < 1- 
Then, by two applications of Holder, 
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I (T e f, 9)\=\J2 e ^ f) <#> 9) < E I /> 1 1 <#> ^> I 




1/2 



/ S 1 f{x)Sl 2 g{x)dx< W&fhW&ghZ 



imi2Ni 2 <imi 2 . 



As g in the unit ball of L 2 



is arbitrary, we see 



\\TJh = sn P {\(TJ,g)\:\\g\\ 2 <l}< 



ll/lb. 



□ 



Next, we will show T e maps L 1 into weak-L 1 . First, we prove a useful "dualizaton" 
of weak-L p . 

Lemma 3.9. Fix < p < 00 and / : T — ► C Suppose that for every set \E\ > 
in T, we can e/ioose a s«6sei E' C E with \E'\ > \E\/2 and \(f,XE>)\ < A^ 1 ' 1 ^. 
Then, ||/|| p ,oo ^ A. Conversely, if ||/|| p ,oo < A, then for any set \E\ > there exists 
E'CE with \E'\ > \E\/2 and \{f, X E>)\ < A\E\ 1 -^ . 

Proof. Start with the first statement. Fix A > 0. Let E x = {Re / > A}. If \Ei\ = 0, 
then clearly A p |i?i| < (2A) P . Otherwise, choose E' C E\ as per the hypothesis. 
Now, |(Re/,xs')l = \J E ,Ref(x)dx\ = J E ,Ref(x)dx > X\E'\. So, X\Ei\ < 2X\E'\ < 
2\(Re f, X E>)\ = 2\Re(f, X E>)\ < 2\(f,XE>)\ < 2A\E 1 \ 1 -^. It follows A^l < (2Ay. 
Do the same for E 2 = {Re/ < -A}, E 3 = {Imf > A}, and E 4 = {Imf < -A} 
to get \P\Ej\ < (2A)p for j = 1,2,3,4. But, F = {\f\ > \V2} C \Jj E j- So > 
(\V2) P \F\ < 4( v / 2) p (2A)p. As A is arbitrary, we have ||/|| Pj00 < 2 3 / 2+2 / p A. 

Now suppose \\f\\ p ,oo < A. Let \E\ > 0. Note, |{|/| > 3^ P A\E\-^ P }\ < 
Sll/ll?,oo < \ E \/ 2 - Thus, if E> = E - {\f \ > 2>yPA\E\-yP}, then E' C E and 
\E'\ > \E\/2. Further, \(f, X E>)\ < f E , \f\dm < \E'\3^ A\E\~V* < A^ 1 ^. □ 

Theorem 3.10. For any 0-mean adapted families, T e : L 1 — > L l,oc , where the under- 
lying constant is independent of the sequence e. 

Proof. As T e is linear, it suffices to prove the result for ||/||i = 1. Let \E\ > 0. By 
LemmaEH we will be done if we can find E' C E, \E'\ > \E\/2 so that | (TJ, xe>) \ < 
1. By Theorem 11.101 decompose each </>f into 
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oo 

k=l 

where (f) 2, k is the normalization of a 0-mean adapted family tp 2 -' k , which are universally 
adapted to I. Further, supp(0^' fc ) C 2 k I for k small enough, while (ft 2 / k is identically 
otherwise. Now write 

oo 

(TJ, X e>) = E 2 ~ Wk E e '<^> f) *> X^>- 
fe=l / 

Hence, it suffices to show | ^ e/(<^>}, /) (<^>j ,A: , X-E') I ^ 2 3fc , so long as the underlying 
constants are independent of k. 

Denote by S 1 , S 2 ' k the square functions associated to the appropriate 0-mean 
adapted families. For each fceN, define 



V- 3k = {S 1 / > C2 3fc }, 
Q k = {M( xn _ 3k ) > 1/100}, 

?l k = {M{xn k )>Z- k - 1 }- 



n=\Jn k . 

fceN 

Observe, 

00 inn 

k =i 

Therefore, we can choose C independent of / so that \Q\ < \E\/2. Set E' = E — Q = 
E n fl c . Then, E' C E and \E'\ > \E\/2. 

Fix k G N. Set Z k = {S 1 / = 0} U {S 2 ' k (xE>) = 0}. Let I? be any finite collection 
of dyadic intervals. We divide this collection into three subcollections. First, define 
V 1 = {I G V : I H Z k ^ 0}. For the remaining intervals, let V 2 = {I E V - V 1 : I C 
U k } and £> 3 = {/ G V - V l : / n f>£ ^ 0}. 

If 7 G T>i, then there is some x G I C\ Z k . Namely, either S 1 f(x) = or 
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S 2 ' k (xE')(x) = 0. If it is the first, then from the definition of S 1 /, it must be 
that /) = for all dyadic J containing x. In particular, (0), /) = 0. If instead 
S 2 ' k (xE')(x) = 0, then ( ( f) 2 I ' k , xe>) = 0. As this holds for all I G V 1 , we have 

£l<#,/>IK# fc ,Xi*>l = o. 

Now suppose I G "D 2 , namely I C d k . If is big enough so that 2 k > then 
<p)> k is identically and {<p) ,k ,XE>) = 0. If 2 k < 1/|7|, then <^' fc is supported in 2 k I. 
Let x G 2*7, and observe 

That is, 2 k I C fi fc C Q, a set disjoint from Thus, xe') = 0. As this holds 
for all I <EV 2 , we have 

£i<#,/>iK# fc ,x*>i = o. 

Finally, we concentrate on V 3 . Define Q^ 3k +i and n_ 3fc+1 by 



n_ 3k+1 = {s 1 / > C2 3k - 1 }, 
n- 3fc+ i = {ie v 3 : |/ n n_ 3k+1 \ > |/|/ioo}. 

Inductively, define for all n > —3k + 1, 

n n = {s 1 / > C2-"}, 

71-1 

n„ = {/GP 3 - |J n, : \mn n \ > |/|/ioo}. 

j=-3fc+l 

As every / G D3 is not in T>i, that is S* 1 / > on /, it is clear that each I ET> 3 will 
be in one of these collections. 

We can choose an integer N big enough so that — {S 2,k (xE') > 2 N } has very 
small measure. In particular, we take iV big enough so that \I fl Q'_ N \ < |/|/100 for 
all I G V 3 , which is possible since V 3 is a finite collection. Define 
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u'_ N+1 = {ie v 3 : \i n n'_ N+1 \ > |/|/ioo}, 

and 



K = {s 2 ' k (xE') > 2-"}, 



n-1 



n; = {Jex>s- |J n;.:|/n^|>|/|/ioo}, 

Again, all /G^ must be in one of these collections. 

Consider 7 G X> 3 , so that 7nf2£ 7^ 0. Then, there is some x a Ir\Vt c k which implies 

|/nn_3fc|/|/| < M( X n_ 3k )(x) < 1/100. Write u nun2 = n ni nn;. So, 



/ez> 3 



E 

ni>— 3fe,rt2>— N 

E 

ni>— 3fe,rt2>— AT 



/^ITtt,-^ ,712 

v l(#,/)ll(^' fc ,Xfi')l m 

| /)1/2 • | 7 |l/2 M 



in 1 ,n 2 



Suppose 7 G U nit n 2 . If ni > — 3k+l, then J G II ni , which in particular says I II ni _i. 
So, |7 n fi ni _i| < |7|/100. If ni = -3k + 1, then we still have |7 n Q- 3k \ < |7|/100, 
as 7 G P 3 . Similarly, if n 2 > -TV + 1, then 7 £ W n2 ^ and |7 n ft^l < |7|/100. If 
n 2 = -N + 1, then \mn'_ N \ < |7|/100 by the choice of N. So, |7 n n Q; c 2 _il ^ 
^|7|. Let fi ni , n2 = UU : / G IWJ. Then, |7 n D ^ c 2 _i n fi m,n 2 | > for 

all 7 G n n n2 , and 
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v MJ)\\(<P 2 i k ,XE')\ lrl 

|J|l/2 |^j 1/2 I I 

MJ)\\(<P 2 i\xE')\ u 9C Q , c Q 

/ , im/2 IJIl/2 l J ' ' 11 "n 2 -l 11 1 '«l 



n-2 I 



/en ni , 



= / 



^-l 1 iafi n2 — 1 '"™1>™2 

<C2-" 1 2- na |fi ni)n2 |. 

Observe that |ft ni , n2 | < | [JU : / G n ni }| < |{M(xn ni ) > 1/100}| < |fi n J = 
> C2~^}\ < 2<*/C. By the same argument, |ft nil „ 2 | < |0^| = KS' 2 ^^') > 
2 -n 2 || < 2 an 2 for a = x 2 , as 5 : L p -> L p '°° for p = 1,2. Thus, |ft ni)n2 | ^ 
c -i 2 e 1 n l2 e 2 an 2 f or any 6>! + 6> 2 = 1 , < 6>x , 6» 2 < 1. Hence, 

E I /> 1 1 *» I £ E 2-^- 1 )2-( e -- 1 ) + 

IeX>3 m>-3k, n 2 >0 

2 n i( f? i- 1 )2 ri2(e2Q ~ 1) 

ni>-3fe, -N<n 2 <0 
= A + B. 

For the first term, take a = 1, #1 = # 2 = 1/2, and for the second term, take a — 2, 
0i = 1/4, and # 2 = 3/4 to see 



^ _ 2 -nxj2 2 -n 2 j2 < 2 3fe / 2 < 2 3fe 

ni>— 3fc, ra2>0 

oo 

_g _ 2^ 3 ™i/ 4 2 n2 / 2 < 2 _3ni / 4 2™ 2 / 2 < 2 9fe / 4 < 2 

ni>-3fc, -Af<n 2 <0 rai=-3/en 2 <0 



3fc 



The important thing to notice is that there is no dependence on the number N, which 
depends on D, or C, which depends on E. 

Combining the estimates for T>i, V 2 , and T> 3 , we see 
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El<^/>H^f*'^>l<2* 
lev 

where the constant has no dependence on the collection T>. Hence, as T> is arbitrary, 
we have 

| £ f) X E') J < I /> 1 1 I £ 2 " 

which completes the proof. □ 

Theorem 3.11. For any 0-mean adapted families, T e : LP — > LP for 1 < p < oo, 

where the underlying constants are independent of the sequence e. 

Proof. Fix a sequence ej, and let if], tpj be any two 0-mean adapted families. By 
Theorems ESI and EHH T e : L 2 ->• L 2 and T e : L 1 -> L 1 ' 00 . By the Marcinkiewicz 
interpolation theorem, T e : L p — > L p for all 1 < p < 2. By symmetry, the operator 
T*f = J2(4>j, f)4>\ satisfies the same properties. 

Fix / e LP with 2 < p < oo. Let \\g\\ p > < 1, where l/p+l/p' = 1 and 1 < p 1 < 2. 
Then, 



I w,<7>i = ico,/>i < iray/iip < imwi/ii, < „, „,. 

As g in the unit ball of L p ' is arbitrary, we see ||T e /||p<||/|| p . □ 



3.4 The LP Estimates 

The main tool is this section is a randomization argument using Khinchtine's in- 
equality. Given a probability space (O, P), we say a random variable r : Q — > C 
is a Rademacher function if P(r = 1) = P(r = —1) = 1/2. For more background 
information on probability spaces and independence, see [2]. 

Lemma 3.12. Let ri,...,r^ be an independent sequence of Rademacher functions 
on (fl, P). For any t > and any (oj, . . . , a^) € C such that Yl!j=i \ a i\ 2 — ^> 



N 



P 



y 7=1 



> t > < 4e 



-i 2 /4 



Proof. First, suppose the a, are real. Write Sn(uj) = Ylj=i a j r ji u} )- We will use 
the notation E(-) for expectation; that is, E(f) = J n fdP. Recall, if / and g are 
independent, E(fg) = E(f)E(g). So, 
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N N N 

E{e tSN ) = Y[e ta ^ = Y[E{e ta ^) = ]~J 



e j + e 



N 



= Y\ cosh(taj). 



j'=i 



j'=i 



Observe cosh(:r) < e^ 2 / 2 for all real x. So, E(e tSn ) < Y\ e* a ^ 2 < e* 2 / 2 . On the other 
hand, 



P(du) > e* P{SV > t}> 



'{SiV>t} 

which implies P{SV > t} < e~ f ' E(e tSN ) < e~ t2/2 . 

Alternatively, {Sn < —t} = {— Sn > t}, where — Sn = J2 a j(~~ r j)- As ~ r j * s 
also an independent Rademacher sequence, the same applies to — Sn- In particular, 
P{-S N > t} < e"* 2 / 2 , which gives P{\S N \ > t} < P{S N > t} + P{S N < -t} < 

2e-* 2 / 2 . 

Now allow a,j to be complex with \ a j\ 2 < 1) so that | Rea,-| 2 , ^ | Ima^ 2 < 1. 
Let S N be as before, with S' N = ^R- e ( a j) r j an d S'n = J2^ m ( a j) r j- The above 
argument works with S' N and S N , and therefore P{|Sat| > t} < P{\S' N \ > t/\/2} + 
P{\S N \ >t/V2} <4e-* 2 / 4 . □ 

Theorem 3.13. For each < p < oo, any sequence of complex numbers {aj}j eN in 
£ 2 , and any independent sequence of Rademacher functions {rj} on Q, we have 



\ V 2 

|2 
"3 I 



Lp(n) 



where the underlying constants depend only on p. 



Proof. Fix N eN. Write a 2 = ^2f =1 \dj\ 2 and define bj = dj/a, so that X^Li l& 



N 



1. Let S'jv = XlyLi^i r j- Then, using the previous lemma, 



/ pt^PflSWl > t}dt < 4p / t^e'^^dt =: K*, 
Jo Jo 



where K p < oo for all < p < oo. 

Suppose 1 < p < oo. Note, by independence, E{r-fk) = E(rj)E(rk) = for j ^ k 
and E(rjTj) = 1. So, 
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I \S N \ 2 dP= I S N S N dP= 6 A / r j r k dP=^2\b j \ 2 = l. 

Jn Jn i<j,k<N ^ n j=i 

But, by above, ||<SV||p' < K p '- By Holder, 1 < ||Sjv||p||<SV||p' < ||<Sjv||p-Ky , or K^ 1 < 
\\S N \\ P . Now suppose < p < 1. Then, 1 = / n |^| 2 rfP < || |SW| p/2 || 2 || \S N \ 2 'P/% = 

|2/(4-p) < ^2/(4-p) 



ll^llfll^ll^- Note, H^ll^;^ < Kt ( ;- p >. Therefore, K^~ v < \\S N \\ P . Let 
= -K"^ 1 for p > 1 and fT^ = K v ^~ v ^ for p < 1. Then, we have shown 

/■ JV s 1/2 AT , N x 1/2 

Ew 2 ^ 5>^' <mEki 2 • 

\ j=i / j= i lp{u) \ j=l J 

for all < p < oo. To finish, we note that by Fatou's Lemma 

/ > ajTjdP < liminf / > a^r^dP < K n \ > laJ 2 I 



-p/(p-4) 



Fix 1 < p < oo. Then, by Minkowski, 



N 

E a 

i=i 



E a 

i=i 



< 



W (a.) 



E a 

j=N+l 



lp (a.) 



/ °° \ 1/2 

<^p E m 2 > 

V j=JV+l 



the last term tending to as N — > oo, because (a,) is in £ 2 . Thus, 



E a 3 r i 



> limsup 



N 

E 

j'=i 



>^;(en 2 ) 

V .7=1 7 



1/2 



LP(f2) 

Finally, let < p < 1. Set i = (2 - 2p)/(2 - p) so that < t < 1 and 1 
(1 -t)/p + t/2. Let F = J2T=i a o r r Tnen > 



which implies 7^||a||^2 < ||F|| L i(Q) < (K 2 /K' 1 ) t ^ 1 ~ t ^ \\F\\lp(si), completing the proof. 

□ 

Theorem 3.14. For any 0-mean adapted family, S : L p — > L p for 1 < p < oo. 
Proof. Let be a 0-mean adapted family and 5 the associated square operator. By 
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Theorem 11.71 let <pj be a second adapted family, with the additional property that 
Xi < for all I. That is, X i/\I\ 1/2 < \<f>% 

Let {rj} be an independent sequence of Rademacher functions on a probability 
space (fi, P) indexed by the dyadic intervals. For each w G fi, denote the sequence 
{r/(u;)} by e(co>)/, and note |e(u;)j| < 1 for all /. Let T e r u \ be the linearization 
associated to ipi, ipj, and the sequence e(u>). 

Fix 1 < p < oo and / G L p . By Khinctine, 



\Sf{x)\* 



< 



Y,ri{u){<j> h M{x) P 'P(du)= [ \T <u) f{x)\>P(du> 
t Jn 



So, 



\\Sf\\ p p = I \Sf(x)\*dx< / / \T <u) f(x)\*dxP{du>) 

h Jn 



[ \\T <u) f\\ p P(du,) < [ \\f\\ p p P(d 
Jn Jn 



> ■ II r\\ p p . 



□ 



3.5 Fefferman- Stein Inequalities 

We are also able to prove a special case of Fefferman-Stein inequalities (r = 2) for the 
square function. First, we need the following characterization of weak-L p , sometimes 
called the Kolmogorov condition. 

Lemma 3.15. Let < r < p < oo, and choose s so that 1/s = 1/r — 1/p. Denote 

M p>r (f) = sap : \E\ > o\. 

I \\xe\\s J 

Then, \\f\\ P)(XI ~ M Pjr (f) for all f , where the underlying constant depends only on p 
and r. 

Proof. Let A > and E = {\f \ > A}. If \E\ = 0, then X^ 1 ^ < M p>r {f) trivially. 
So, assume \E\ > 0. Then, 
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E\ 1/r = [J dx) llT < A" x ( jf \f(x)\ r d x y /r = X-'UxeI < X- l \\XE\\ s M p , r (f)- 



Hence, M p , r (f) > XlE] 1 / 7 " 1 ^ = \\E\V p . As A is arbitrary, 



p,oo 



< M p , r (f). 



If 



p,oo 



If 



oo, the reverse inequality is trivially satisfied. So, assume it is finite. 
5,00 = 0, then / = a.e., and again the reverse inequality holds. Assume 
p>00 > 0. Set g = //11/Hp.oo whi ch gives \\g\\ Pt00 = 1. Let \E\ > 0. Then, 
{\9Xe\ > A}| < mm(\E\,\- p ). Thus, for any h > 



✓•oo 

/ rX r - 1 \{\g XE \>\}\d\ 
Jo 



< r\E\ / A r_1 dA + r / y-p~ l d\ 



h r \E\ + 



p — r 



-h 



1 — p 



Setting h = \E\-yp gives \\g X E\\ r r < \E\ r / s + ^\E\ r ' a and ||^||r < (^) 1/r |£| 1/s = 
(-fh) 1/r \\XE\\ s - As £ is arbitrary, M Pjr {g) < (^:) 1/r '■ Noting that M p , r is quasi-linear, 
wehaveM p , r (/)<(-^) 1 ^|| / || Pi00 . 



□ 



Theorem 3.16. For 1 < p < 00 and any sequence f±, f 2 , . . . of complex-valued func- 
tions on T 



00 

Eisai 2 ) 



1/2 



k=l 

00 



< 



1/2 



fc=l 



< 



l.OO 



fc=i 
00 

El/* 



1/2 



1/2 



fc=i 



Proof. Let 77 be a sequence of independent Rademacher functions, indexed by the 
dyadic intervals, on a probability space (Q,P). Let r' k be another sequence of inde- 
pendent Rademacher functions, indexed by N, on a probability space {VI', P'). Note, 
r Ijk {u,u') = rj{uj)r' k {u;') is an independent Rademacher sequence on Q x Q'. 
Let 1 < p < 00. Fix iVeN. Then, by Khinchtine, 
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N 

(£i^ 

k=l 



1/2 



< 



II I £ £ r M r 'k{ u ')TTm^^ fk)Xi{x) P P{du) P(du/) dx 
Jt Jnxw 1 k=1 j l J I ' 

1 N 

£ ^(w')A)x/ W | *W P'(duj') dx. 




rj(w)- 



T Jflxft' 



Now use the reverse inequality of Khinctine, first in f2, then to see 



1/2 



fe=l 



< 



< 

no 



< 

no 



/ / (Em|(^'E^^')A)| 2 x/w) p/2 ^PW) 

./n' /II k=l 

r r N 

/ / \s(y2r' k (u')f k )(x)\ dxP'(du;') 

p p N 

/ / |£r>U(*) P ^P'(du/) 

„ JV /2 TV 

/ (Ei/^)i 2 ) dx= (eim : 
^ t fe=i fc=i 



Simply apply the monotone convergence theorem to let iV — > oo and gain the desired 
result. 

Now let |£| > 0. Fix < r < 1 and 1/s = 1/r-l. As ||5/||i >00 < it follows 

from Lemma Ell that \\S{f) XE \\r < IMUI/lli- Again, fix N G N. So, 
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N 



1/2 



Xe 



k=l 



N 



EE 

k=l I 



\(<Pi, fk)\ Xj ( x )xE(xf) 1 dx 



< 



t Jnxn 1 



< 



< 



| ^^riiuVkiuj^jj^ifaJ^Xii^XEix) P{duj) P(du') dx 

N 

•V TT •/ i2 x fi' I I jl 

r r N 



P'(cL/ 



As f2' is a probability space and r < 1, we can apply Jensen's inequality to see 



N 



Lis/* 



1/2 



fc=l 



< 



\\xe\\ 



N 



< 



E^ty)/*^ 
fc=i 

/ / I fVCwO/^a;) £fcP(cfc/ 
■ /n ' Jt 1 fc=i 

(£i/*(*)i 2 ) ^ 
fc=i 



P(du/; 



l/r 



< WxeW 



\\xe\\: 



N 



£im : 



1/2 



fc=l 



Taking the supremum over all such E, and applying Lemma 13. 15} 



N 



1/2 



£W> 

fc=l 

Letting N ^ 00 completes the proof. 



<M ljr (£|S/ ; 
1,00 V fc=1 



. 1/2" 
12 \ I < 



N 

E 

fc=i 



1/2 



□ 
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Chapter 4 

Zygmund Spaces and LlogL 



In this chapter, we begin by focusing on a general measure space (X, p). Our goal is to 
introduce new spaces of functions and interpolation results that will ultimately give 
us the "end-point" estimates of certain operators. Many of the preliminary proofs of 
this chapter are taken from [I]. 

4.1 Decreasing Rearrangements 

Definition. For / : (X, p) — ► C, the distribution function of / is defined 

p f (X) = p{xeX:\f(x)\>X}, A>0. 

Two function /, g (even if they act on different measure spaces) are said to be equimea- 
surable if /x/(A) = p g (X) for all A > 0. 

Definition. For / : (X, p) —>■ C, the deceasing rearrangement of / is defined 

f*(t) — inf{A > : fJLf(X) < t}, £>0, 
where we use the convention that inf{0} = oo. 

Note, if (X,p) is a finite measure space, then Pf(X) < p(X) for all A > 0. Hence, 
f*(t) = for all t > p{X). That is, /* is supported in [0,p(X)]. 

Proposition 4.1. For any f,f n ,g '■ (X,p) — > C and a EC, 

1. f* is nonnegative, decreasing, and identically if and only if f = a.e.[p], 
2- |/| < \g\ a.e.[p] implies f* < g* pointwise, 
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3. /*(/i/(A)) < A for ///(A) < oo ; and v f (f*(t)) < t for f*(t) < oo, 
I (/ + ^)*(t 1 + i2 )</*(t 1 )+^(t 2 ), 

5. (a/)* = 

6- \fn\ T 1/1 (i.e.[p] implies f* j /* pointwise, 
7. f and f* are equimeasurable. 

Proof. (1) The fact that /* > follows from the definition. Let < ti < t 2 and 
e > 0. Choose A > so that ///(A) < t x and f*(t x ) + e > A. Then, ///(A) < ti < t 2 
which implies f*(t 2 ) < A < + e. As e is arbitrary, f*{ti) > f*(t 2 ). But, since 

/* is decreasing, /* is identically if and only if /*(0) = 0. This is true if and only 
if pLf(0) = 0, which means / = a.e.. 

(2) Fix t and e > 0. As |/| < \g\ a.e., it is immediately clear that /if < /j, g . Choose 
A > so that /jLg(X) < t and g*(t) + e > A. Then, ///(A) < // 9 (A) < t, which implies 
that f*(t) < A < g*(t) + e. As e is arbitrary, /*(*) < g*(t). 

(3) Fix A > and set t = /i/(A). Then, A G {A' > : fi f {\') < t} giving 
f*(fi f (\)) = f*(t) = inf{A' : n f (\') < t} < A. Now fix t > and assume A = /*(*) < 
oo. Let A n be a sequence of positive numbers so that A n | A. Then, /^/(A n ) < t for 
each n. Therefore, as {|/| > A„} C {|/| > A} for all n and 

U{l/l> A 4 = {i/i> A }' 

n 

it follows from simple properties of measures that /i/(A„) j A 4 / (A). That is, /i/(A) = 
lim„/i/(A n ) < t. 

(4) Let *i,t 2 > 0. Let A = + f*(t 2 ) and t = A*/+ 9 (A). Then, 

t = |{|/ + g\ > A}| < |{|/| > f*(h)}\ + |{|^| > 9*(h)}\ 

= »f(r(tl))+l*g(9*(h))<t 1 +t 2 . 

So, (/ + gYiU + t 2 ) < (/ + = (/ + <?)*(/WA)) < A = /* (*i) + F(t 2 ). 

(5) For a G C, we have // Q /(A) = > A} = > A/|a|} = ///(A/|o;|). 
Thus, (af)*(t) = inf{A > : fi af (\) < t} = inf{|a|A > : A*/(A) < t} = \a\f*(t). 

(6) It is clear from (2) that f*<f 2 <-..< f* pointwise. Fix A. By the same 
argument used in (3), we see {|/ n | > A} C {|/| > A} and \J{\f n \ > A} = {|/| > A}. 
Thus, /i/„(A) | A*/(A)- By the same token, it is now clear that {A : /i/(A) < t} C {A : 
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fi>f n W < t} and P| n {^ : A*/n(^) < = : /fK-M < 0- Therefore, taking infimums, 
we see /*(*) | /*(*)■ 

(7) Simply from the definition, f*(t) > A if and only if t < ///(A). Thus, /i/*(A) = 
10 > : > A}| = |[0, Ai/(A))| = a*/(A). □ 

Lemma 4.2. Lei \& : [0, oo) — > [0, oo) &e continuous and increasing with ^(O) = 0. 

Tnen, /^*(|/|) dp = / °° 

Proof. First consider the case where / is positive and simple. That is, there are 
constants a± > ai > . . . > a n > and disjoint sets Ei, . . . , E n so that f = Yl a jXE y 
It is easy to calculate that /*(£) = Yl/ a jX[mj- 1 ,m j )-> where m = and rrij = p(E ± ) + 
... + p(E j ). Thus, 



„ n „ n n 

/ *(/) dp = J2 ^ = S *( a M E i) = ^K) K' - ™i-J 

^ x j'=i i=i j=i 

■ =1 ./o ./o 



Note that ^(O) = was used here to say ^(a^x^.) = ^(a^x^.. 

Now consider a general / : (X, p) — > C. Choose positive simple functions /„ so 
that f n | |/|. As \I/ is continuous and increasing, it follows that ^(f n ) T ^(l/D- Also, 
as /« T /*) we have ^(fn) t ^(f*). So, by the monotone convergence theorem, 



/' /»00 /"OO 

*(|/|) dp = lim / tt(/ n )dp = lim / = / #(/*) tit. 



□ 



Corollary 4.3. For / : (X, p) — > C and < p < oo ; we /iove ||/|| p = ||/*|| p . 
Furthermore, ||/||oo = ||/*||oo = f (0). 

Proof. In the case < p < oo, simply let ty(t) = t p and apply the previous lemma. 
Secondly, note that ||/||oo = /*(0) by definition. As /* is decreasing, ||/*||oo = 
/*(0). □ 

4.2 Lorentz Spaces 

Definition. Let < p < oo and < q < oo. For / : (X, p) — > C, define ||/|| p ,g by 
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ll/ll M = Vio v j tj 

supt^nt), g = oo. 

I, t>o 

Denote by L p,g (X) be the set of functions / for which ||/|| P)9 < oo. 

It is clear from Corollary 14.31 that = \\f\\ P - Further, one can check that 

L p,ao here coincides with the definition of weak-L p given in Section 11.21 

Lemma 4.4. Let < p < oo and < q < r < oo. Then, \\f\\ p -r < ||/||p,g> where the 
underlying constants depend only on p,q,r. 

Proof. As /* is decreasing, 



t i/p nt) = ( p - f ( s ^nt)) q -^ /q 



II /II 



Taking the supremum over all t, we see ||/||p |0 o < (| This gives the r = oo 
case. Now, suppose r < oo. Then, 




□ 

Lemma 4.5. Let T be a sublinear operator which which maps L P0 (X) — > L qo,OG (X) 
and L P1 (X) — > L qi '°°(X), where 1 < po < P\ < oo, 1 < qo,qi < oo, and q ^ q-y. 
Then, 



(Tf)*(t) 



< 



r tm do. r°° rl* 

t -i/ qo / s i/ P o r(s) ^£ + t -iM / 8 i/Pif*( 8 )™ 

Jo s Jt m s 



, t>0, 



where m = (- -)(— 
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Proof. Let a(x) be a complex-valued function with \a(x)\ = 1 so that \f(x)\a(x) = 
f(x). Fix t > 0. Define / and f 1 by 



/o(^) = max{|/( a ;)|-r(t m ) ! 0}-a(x), 
/ 1 (x)=min{|/(x)|,r(0}-a(^)- 

Then, f = fo + fi, and it is easily shown that / *(s) = max{/*(s) - f*(t m ),0} and 
f*(s) = mm{f*(s),f*(t m )}. Further, 



0||po,l 



iiki=pi* m/Pi r(* m )+ / s 1/pi r( S )-. 



As T is sublinear, < (Tf + Tf 1 )*(t) < (Tf )*(t/2) + (T/0*(i/2). By the 

hypotheses on T, 



Q 1/<? °™*(t/2)<||T/ || 



go,oo ^5 ll/o||po ~ IIJ0||po,l! 



or 



(T/ )*(*/2) < r 1 /* 



Ollpo.l- 



Similarly, 



(Tfi)*(t/2) < 



Hence, 



(T/)*(t) < (T/ )*(t/2) + (r/0*(t/2) 



< 



-fr 



-1/90 



Po 

1 



u||po,l + — * 



-1/91 



l||pi,l 

ds 1 
— + — 

s Pi JV 

_|_ ^m/pi-l/qi j*^m^ _ ^m/p -l/q Q j* 
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Noting that ^ - - = - - -, the f*(t m ) terms cancel. Thus, 

° po 90 Pi Ql J \ J i 



(TfT(t) 



< 



JO s Jt m s 



□ 



4.3 The 2-Star Operator 

The next step is to define a kind of maximal operator of /*, which we call the 2-star 
operator. 

Definition. For / : (X, p) — > C, define 

/**(*) = 7 f 'f*(s)ds, t>0. 
1 Jo 

Proposition 4.6. For any /, f n ,g : (X, p) — > C and a E C, 

1. /** is nonnegative, decreasing, and identically if and only if f = a.e.[p], 

2. f* < /**, 

5- |/| < |(?| a.e.fp] implies /** < g** pointwise, 
I (af)** = \a\f**, 

5- \f n \ T l/l (i.e.[p] implies /** j /** pointwise. 

Proof. The fact that /** is nonnegative and equal to if and only if / = a.e. 
follows as /* satisfies the same properties. Let < ti < t 2 . As /* is decreasing 
f*(s) < f*{st l /t 2 ) for any s > 0. Thus, 



r(t 2 ) = 1 r r ( a ) ds < 1 r r (ati/fe) <** = f f 1 /» = r*(*i)- 

r 2 Jo r 2 Jo r l JO 

This establishes (1). Again, as /* is decreasing, 

r*(t) = T fn^ds > r{t)~ f dt = r®. 

1 Jo 1 Jo 

This establishes (2). Properties (3), (4), and (5) follow immediately from the fact that 
/* satisfies the same properties, in addition to the monotone convergence theorem for 
(5). □ 
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We will also want to show that the 2-star operator is sublinear. This is more 
difficult than the preceding results, and needs the following intermediary step. 

Lemma 4.7. For all t > 0, ^inf + = tf**(t). 

Proof. Fix t > and / : (X, p) — ► C. Let a t be the value of the infimum on the 
left-hand side of the equality. We first show tf**(t) < a t . 

We can assume that / can be decomposed into g + h as implied, as otherwise 
a t = oo and there is nothing to prove. So, write f = g + h where g G L X (X) and 
h G L°°(X). Let n G N. Then, 



tf**(t)= [ f*(s)ds< [ g*(- — -s)ds+ [ h*(-s)ds 
Jo Jo ^ n ' Jo ^ n ' 

tin— l)/n ft/ 71 

g*(u)du + n / h*(u)du 



n 


n 




1 




n 




n 




1 




n 




n 




1 



"t/n 

<— I g*(u)du + nh*(0) I du 



o 



Mli + *IH 



As n is arbitrary, let n — > oo to see tf**(t) < ||5'||i + t||/i||oo- As this decomposition is 
arbitrary, tf**(t) < a t . 

For the reverse inequality, we can assume f**(t) is finite, or there is nothing to 
prove; so /*(*) < /**(*) < oo. Let E = {x G X : |/(x)| > f*(t)} and t = p(E). 



By Proposition 14. 1\ t = Pf(f*(t)) < t. As / and /* are equimeasurable, and /* is 
decreasing, it follows that f*(s) = f*(t) for t < s <t. 

As \fxE\ < |/|, w e see (Jxe)* < /*• But, /x_e is supported on a set of measure 
to- So, (/Xe)*0) = for s > t . Thus, 

poo rt rt 

\f\dp= (fXE)*(s)ds= (fXE)*(s)ds< f(s)ds. 



'E JO JO JO 

Define g and h by 



g(x) = max{|/(x)| - /*(t),0} -a(x), 
h(x)=min{\f(x)\J*(t)}-a(x), 

where a(x)\f(x)\ = f(x), so that f = g + h. Observe, 
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Nii= / \f\dp- P (E)f*(t)< f° r(s)ds-t f*(t). 

J E JO 

On the other hand, ||/i||oo < /*(*) is clear from construction. Therefore, 

a t <IM|i + t|HU< t° f*(s)ds + (t-t )f*(t)= f f*(s)ds = tr*(t). 

Jo Jo 



□ 



Theorem 4.8. T/ie 2-star operator is sublinear, i.e., for any /i,/2 : (X,p) — > C and 

* >o, (fi + f2)**(t)<f?(t)+fr(t). 

Proof. Fix £ > and e > 0. By the preceding lemma, choose <7i,<?2 G ^(X) and 
/ii, /i 2 e L°°(X) so that /j = gj + /ij and ||^-||i + £||/iJoo < tfj*(t) + e for j = 1,2. 
Then, 



t(fl + f2)**(t) < |bi + y 2 ||l + + ^ 2 ||oo 

< (ibilli + *ll^i||oo) + (ll^lli + *||Moo) 

<tfr(t)+tf**(t) + 2e. 
As e is arbitrary, this completes the proof. □ 



4.4 A Characterization of LlogL 

The space Zygmund space L log L arises naturally in a number of ways, particularly 
interpolation results. However, the exact definition of the space differs with the given 
application, and most definitions are somewhat unwieldy. The definition we present 
here, and use for the remainder of the text, is less conceptually natural, but once 
certain properties are established, is much easier to use. 

For this section, we restrict (X, p) to be a probability space. For functions / on 
X, f*(t) — for t > 1. So, for simplicity, we can think of /* and /** as functions 
defined only on [0,1]. 

Definition. For functions / : (X, p) — > C define ||/||LiogL by 

n/ikio g L= f r(t)dt. 

Jo 
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Define the Zygumnd space L\ogL(X) as the set of all functions / : (X, p) — > C with 

UlogL < oo. 



It is clear from what we know about the 2-star operator that || • ||ziog£ is a norm 
and LlogL(X) is a Banach space. Further, we know that if \g\ < \f\ a.e.[p] then 
IMUiogL < H/IUiogL and \f n \ t \f \ a.e.[p] implies ||/ n ||Lio g z T H/IUiogZ,- What is not 
clear is the reason for choosing this definition. This is explained by the following. 

Theorem 4.9. / 6 L log L(X) if and only if 

\f(x)\\og + \f(x)\p(dx) < 00, 

X 

where log + (x) = max(loga;, 0). 

Proof. As the map x i— > x log + x is continuous, increasing, and has value at x = 0, we 
have by Lemma H~2l that J x \f\ log + \ f\dpis finite if and only if J* f*(t) log + /*(*) dt 
is finite. On the other hand, changing the order of integration shows 

I r(t)dt= f f{s) f-dtds= [ f*(s)log(l/s)ds. 

JO JO Js 1 Jo 

Assume ft f*(t) log + f*(t) dt is finite. Let E = {t E (0,1) : f*(t) > r 1 / 2 } and 
F = (0, 1) - E. Then, 

[ f*(t)log(l/t)dt< [ r(t)log(f*(tf)dt+ [ t- l ' 2 \og{l/t)dt 
Jo Je Jf 

<2 [ f*(t)log + f*(t)+ I t-^ 2 log(l/t)dt 
Jo Jo 

= 2 [ r(t)io g +r(t)+4<oo. 

Now suppose f*f**(t)dt is finite. Then, ||y III = Jof*(t)dt < f*f**(t)dt < oo. 
If || /||i = there is nothing to prove, so assume otherwise. Let g = //||/||i so that 
IMIi = 1. Then, g*(t) < g**(t) < \\g\yt = l/t. Also, 



1 r l r l 

+ 1 



g*{t)log + g*{t)dt< / g*(t)\og + (l/t)dt= / g*(t) log(l/t) dt 
Jo Jo 

1 f 1 

f*(t)log{l/t)dt < 00 



1 Jo 
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But, 



r(t)io g + r(t) dt 



< 



g*(t)log + (\\f\\ ig *(t))dt 



g*(t)log + \\f\\ 1 dt + / g*{t)\og + g*{t)dt 



log + ||/||i+ / g*(t)log + g*(t)dt 
o 



< oo. 



□ 



The quantity f x \f\ log + |/| dp is often taken as the definition of || • ||Liogi- Indeed, 
this quantity naturally arises in many arguments. However, it is clearly not a norm, 
and makes any deep analysis difficult. 

Our next goal is to show how LlogL is related to LP. First, we prove a special 
case of Hardy's inequality [IT] . 



Lemma 4.10. Let 1 < p < oo andip be a nonnegative, measurable function on (0, 1). 
Then, 



IJO 



ijj(s) ds ) dt 



i/p 



< 



1 \1/P 

ip{sfds 



where the underlying constants depend only on p. 
c p. Let p' 

ijj(s) = [s~ 1 / pp '] [s 1//pp V( s )] an d apply Holder to see 



Proof. Fix p. Let be the conjugate exponent of p; that is, ~ + ^ = 1. Write 



7 x <- </o 



p'ypr 



Thus, 
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(- f 4>(s)dsYdt < P ' p/p ' [ r 1 - 1 ^' [ s llp 'i){s) p dsdt 

^ Jo ' Jo Jo 

= p 'v/v' f s W^ s y f r l - l/p 'dtds 



= p 'p/p' / s W^( s )P[ p '( s -W _ i)] ds 
Jo 

< P 'P/P' I s yp'ip( s )p[ p ' s -yp'] ds 

Jo 

= P >P [ ^{sfds. 



□ 



Theorem 4.11. For any 1 < p < oo, L P (X) C LlogL(X) C L l (X), with \\f\\ x < 



L log L 

Proof. Fix / : T -> C. We have trivially that H/ld = f*(t)dt < fif**(t)dt = 

|LlogL- 

Now let 1 < p < oo. First, as (0, 1) is a probability space, we have by Holder that 
UiogL < (J^ f**{t) p dtf/ p . Now apply Hardy's inequality with ^(t) = /*(£) to see 

ulr w&) xl * < ui nw a) 1 * = \\n P . □ 

The principal reason for defining L log L as we have is the ease in which we gain 
interpolation results. 

Theorem 4.12. Let T be a sublinear operator which maps L 1 {X) — > L 1,00 (X) and 
LP(Jf) -> L q '°°(X), for some 1 < p,q < oo. T/ien, T : LlogL(X) -> L X (X). 

Proof. Set m = ( 1)(^ — l) -1 , which is positive and finite. By Lemma [4.51 



(TfT(t) 



< 



' r^ds + r 1 ^ / s 1/p f(s)- 



f 

for all < t < 1. Note, the second integral's upper limit is now 1, instead of oo, as 
/* is supported on [0, 1]. A simple change of variables gives 



/ - / f*(s)dsdt = — [ - [ f*(s)dsdu 
Jo t Jo m Jo u Jo 

= - [ r(u)du=-\\f\\ LlogL . 

m Jo m 
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On the other hand, using Fubini, 



t -l/g / 8 l/P-lf*( s )dsdt= / 



,1/m 



t- 1/q dtds 



1-1/9 



1-1/9 



f*(s) ds 



L log L • 



Hence, 



/« 



L log L • 



Corollary 4.13. Lei T be a sublinear operator. If for some 1 < p, r < 00 



fc=i 



Ei T /< 



l/r 



< 



l,oo 
l/r 



l/r 



fc=l 



< 



fc=l 

00 



and 



l/r 



fc=l 



then 



□ 



E l T A 



l/r 



fe=l 



< 



l/r 



fc=l 



L log L 



Proof. Recall Banach- valued functions / G .M(X, I?) as in Theorem 11.111 Although 
we did not do so for stylistic purposes, this chapter could have been presented in this 
more general setting. For instance, for / G Ai(X,B), define A*/(A) = p{x G X : 
Us > A} and f*(t) = inf{A > : /i/(A) < t}. In this manner, we could redo this 
entire chapter replacing C and | • | with B and || • \\b, and everything would follow as 
before. 

Specifically, the previous theorem holds; if T is sublinear operator mapping L B (X) 
to L^°°(X) and L P B (X) to L%°°(X), then T : L\ogL B (X) -> L^(X). But, simply 
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by definition, f*(t) = (||/||.b)*(0> where (||/||b)* is understood as the decreasing 
rearrangement of the map x i-> Thus, ||/|| L io g L s = || ll/b|| Llogi - 

Let B = t. For / G M(X,B), let T(f) = (Tf u Tf 2 , . . .), which is sublinear, 
because T is. By hypothesis, T : L)j(X) -> L\°°(X) and Z£(X) -> L P B (X). Thus, 
T : LlogL B (X) — > L^(X), which is what we wanted to prove. □ 



4.5 The n-Star Operator and L(logL) 



n 



To extend the definition of L log L, we first must extend the definition of the 2-star 
operator. We remain with the convention that (X, p) is a probability space. 

Definition. For / : (X, p) — > C, let f^* ,l \t) = f*(t) and for integers n > 2, set 



Proposition 4.14. For any /, / fe , <? : (X, p) — > C and a G C, 

1. /(*' n ) nonnegative, decreasing, and identically if and only if f = a.e.fpj, 

5. |/| < |<?| a.e.fpj implies f^*^ < g(*> n ^ pointwise, 
I (a/) ( *' n) = \a\f(*> n \ 

5- \fk\ T |/| a.e.fpj implies fj?'^ | /(*' n ) pointwise, 

6. (/ + < + > 2 emZy/ 

Proof. It is known that /^*' 1 ^ ) = /* is decreasing. Assume /(*' n_1 ) is decreasing. Let 
< h < t 2 . Then, /(*> n " 1 )(s) < / ( * ,n_1) (s*i/t2) for any s > 0. Thus, 

"*2 1 /"<2 



/c.«)(t 2 ) = i r /(^-i)( s ) ds <i r f (*,n-D {sti/t2)ds 

t2 Jo t 2 J 

=i r f(*' n - i \ U )du=f(*< n \t 1 ). 

ti Jo 



By induction, /(*>"■) is decreasing. This gives 



£ Jo ^ Jo 



All other properties are easily established by induction and that each is known to 
hold for n — 1 (or n = 2 in the case of (6)). □ 
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Definition. For functions / : (X, p) — > C and integers n > 0, define ||/||L(io g L) n by 

U(logL)* = [ f ( *' n+1 \t)dt. 







Define the Zygumnd space L(log L) n (X) as the set of all functions / with ||/||L(iogL) n < 



oo. 



We note that L(logL)°(X) = L 1 (X), which is a useful notational shortcut. As 
before, it is clear that L(log L) n (X) is a Banach space, and || • ||z,(i g£)" is a norm with 
the additional properties that |/| < \g\ a.e.[p] implies ||/||z(io g L) n < IMUpogL)' 1 and 
\f k \ t \f \ a.e.[p] implies ||/ fc ||L(io g L)" T ||/|U(i og L)' 1 - Further, this definition is related 
to the intuitive value, as before. 

Theorem 4.15. / G L(\og L) n (X) if and only if 

\f(x)\(\og + \f(x)\r P (dx)<oo. 



X 



Proof. The n = case is trivial, and the n — 1 is already known. So, fix n > 2. As 
the map x i— > x(log + x) n is continuous, increasing, and has value at x = 0, we have 
by Lemma S3 that J x |/|(log + \f\) n dp is finite if and only if f*(t)(log + f*(t)) n dt 
is finite. On the other hand, changing the order of integration several times shows 



1 ! rl 



™ JO 



f^ + l ){t)dt= / r(t ) log (l/ t )n dt 



Suppose /q f*{t)(\og + f*(t)) n dt is finite. Let E = {t G (0, 1) : /*(*) > r 1 / 2 } and 
F = (0, 1) - E. Then, 



r(t)io g (i/t) n dt< / r(t)\og(f*(t) 2 rdt+ i r^iogtv^ 



<2 n [ f*(t)(io g + f*(t)) n + fr l inog{i/tYdt 

Jo Jo 

= T [ f*(t)(\og + r(t)) n + 2 n+1 n\<oc. 
Jo 



Now suppose Jq f { *' n+1) {t)dt is finite. Then, we have ||/||i = f*f*(t)dt < 
Jo f^*' n+1 \t) dt < oo. If || /||i = there is nothing to prove, so assume otherwise. Let 
g = f/Wfh so that \\g\\ x = 1. Then, g*{t) < g**{t) < \\gWJt = l/t. Also, 



[ g*(t)(log + g*(t)) n dt< f g*{t)\og + {l/t) n dt = [ g*(t) log(l/t)" dt 
'o Jo Jo 



1 



f*(t) \og(l/t) n dt < oo 



II Jo 

But, 



< ii / ii j 



r(t)(\o g + r(t)) n dt 

rl g*(t)(log+(\\f\\ ig *(t))) n dt 

g* (t) ( log + || / 1| J n dt + f g* (t) ( log + g* (t)) n dt 

Jo 

"(log + ||/||i) n + f g*{t)(\og + g*{t)) n dt 
Jo 



< oo. 



The transition from the second line to the third line follows from the fact that (a + 
b) r < 2 r ~ 1 [a r + b r ] for any a, b > and r G i, which is proven by elementary 
calculus. □ 

Theorem 4.16. For any 1 < p < oo and n > 

L P {X) C L(logL) n+1 (X) C L{logL) n {X) C L 1 (X), 

H/lll < ||/||i(logL)« < ||/|U(logL)n+i < H/llp. 

Proof. Fix / : T -> C and n > 0. Note, H/Hj = f*(t)dt < f { *' n+1) (t) dt = 
L(logi) n. By the same token, ||/|| L( i ogLr = f(*> n+1 \t) dt < J^f^+ 2 )(t)dt = 

I L(log 

Now let 1 < p < oo. First, as (0, 1) is a probability space, we have by Holder 
that \\f\\ L (io g Lr < do f { *' n+1 \tf dt) 1 ^ = ||/ ( *' n+1) || P . Applying Hardy's inequality 
(Lemma KM with ifj(t) = f^ m \t) gives ||/ ( *' m+1) || P < ||/ ( *' m) || P . Iterating this we 
have |mU( logir < \\f^)\\ p < ||/C»)|| P < < \\f^\\ p = ll/H,. □ 

An interpolation result can also be proven for L(logL) n . First, we need to find an 
estimate similar to the one before. 

Lemma 4.17. Let T be a sublinear operator which maps L l (X) — > L 1,00 (X) and 
L P (X) — ► L q '°°(X), for some 1 < p, q < oo. Then, for n > 1, 
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(T/) (••»)(*) < 



f { *' n \s)ds + t- 1/q I s 1/p - l f*' n \s)ds 



< t < 1, 



where m = (- — 1)(- — 1) 



-i 



Proof. The n = 1 case is precisely Lemma 14.51 (on a probability space) with po — 9o 
1. So, assume it is true for n — 1. Then, 



(T/) ( *' n) (t) = - / r(*' n -^(s)ds 

t JO s JO t Jo Js m 

=:/ + //. 

By the change of variables r = s m , 

/= / -/ &> n - 1 \u)dudr= / &' n \r)dr. 

mt J r J mt J 

On the other hand, changing the order of integration gives 



II 



u 



l/p— 1 f(*,n 



/(*."-!) ( U ) 



,1/r, 



s 1 ' 9 ds du 



+ _ / u l/p-lyr(.,n-l)( u ) / s -l/4 dsdu 



1 1 Z"*™ 1 

^— - / /(*.»-i)( u )d w + _J: 



1 - 1/9 t 



-1/9 



1-1/9 



u) du 



< 



1-1/9 



f { *' n) (u)du + r 1/q / M 1/p -V ( *' n) ( M )rfM 



□ 



Theorem 4.18. Let T be a sublinear operator which maps L X (X) — > L 1,00 (X) and 
L P (X) — ► L 9,00 (X) ; /or some 1 < p, g < oo. TTiere, /or a// n G N, we have T : 
L(logL) n (X) -> L(logL) n_1 (X). 

Proof. Set m = (- — 1)(- — l) -1 , which is positive and finite. Using Lemma T4. 171 and 
the same change of variables and Fubini arguments, 



?s8 



\\Tf\\ 



L(logL)™- 1 



(Tf )(*>") ( t )dt 



o 



< 



i ^ /•/- 



t 



f^ n \s)dsdt + I t~ 1/q I s 1/p - 1 f^' n \s)dsdt 

JO 

i r 1 1 r 



Jt 

1 



m Jo u j 
-l 

f { *> n+l) (u) du + 

m Jo 



f^ n \s)dsdu+ / s 1/p -V ( *- n) (s) 



r 1/9 dt ds 







1 - 1/9 Jo 



LQogL)* 



Corollary 4.19. Let T be a sublinear operator. If for some 1 < p, r < oo 



fe=i 



oo 

E 



l/r 



< 



l.oo 

l/r 



fc=l 



< 



fe=i 

oo 

fc=i 



l/r 



and 



l/r 



i/ien /or all n EN 



□ 



£i^ 



l/r 



fc=l 



< 



L(logLY 



oo 

(EiAr 



l/r 



fc=l 



L(logZ)* 



4.6 LlogL and Connections to Hardy-Littlewood 

Let us consider the probability space (T, m) and LlogL(T). The maximal operator 
M maps L 1 — > L 1,0 ° and L p — > LP for all 1 < p < oo. Therefore, by our interpolation 
results, M : LlogL(T) — > L . However, much more can be said. 

Theorem 4.20. For any < t < 1, f**(t) ~ (Mf)*(t), where the underlying con- 
stants do not depend on f or t. 



Proof. Fix t and /. We start by proving (Mf)*(t) < f**(t). Let e > 0. By Lemma W7f\ 
there are functions g, h so that / = g + h and ||g||i + t||/i||oo — tf**(t) + e. On the 
other hand, 
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2 



t 



(Mf)*(t) < (Mg)*(t/2) + (Mh)*(t/2) = - [-(M^)*(t/2)j + (Mh)*(t/2) 

< -\\Mg\\ hoo + HM/ilU < -llyld + \\h\loo 

< j[\\g\\i + t\\h\\co] < 2/**(t) + 2e/t. 

Letting e — > 0, we have the first inequality. 

For the second inequality, we may assume (Mf)*(t) is finite, or there is noth- 
ing to prove. Set Q to be the closure of {Mf > (Mf)*(t)}. Note that = 
fjL Mf {(Mf)*(t)) < t. First, suppose |0| = 0. Then, |/| < Mf < (Mf)*(t) a.e., which 
implies f*(s) < (Mf)*(t) for all s. So, /**(*) = r 1 jj /*(s) ds < (Mf)*(t). 

Now, assume |0| > 0. As |fi| < t < 1, for each i G ^ we can choose an interval 
I x which contains x in its interior and I x C\ Q c ^ 0, but also so that most of I x is 
in Q. In particular, \I X \ < 2\I X C\ Q\. Then, the interiors of {I x : x E Q} cover Q. 
As Q is compact, we can choose a finite subcover Ix, . . . ,I n . Further, we can choose 
this subcover to be minimal, in that any point is contained in at most two of the Ik 
(this property is inherited from K). On the other hand, as Ij n f2 c 7^ 0, there is a 
y G Ij n Vl c . This implies l^l" 1 / |/| dm < Mf(y) < (Mf)*(t). 

Define g = fxn and h = fxci c - We have immediately that ||/i||oo — ||/Xn c ||oo < 
(Mf)*(t). On the other hand, 



Up n 

\g\\i<Yl / l/(*)l^<£W)Wi 



< 2(Mf)*(t) \Ij n «| < 4|fi|(M/)*(t) < 4t(M/)*(t), 
j'=i 

where the next to last inequality is gained from Ij being a minimal subcover. As 
f = g + h, it follows from Lemma ED] that £f**(t) < ||#||i +t||/t||oc < t(Mf)*(t). This 
completes the proof. □ 

Corollary 4.21. For any f : T -> C, / G LlogL(T) »/ and or% i/ M/ G L 1 (T). In 
particular, ||/||i,iog£ ~ 

Proo/. Using the previous theorem, ||/||z,iog£ = f Q f**(t)dt ~ J Q (Mf)*(t)dt = 
\\Mf\\i. □ 

We note that ||M(-)||i is itself a norm, with the additional properties that |/| < |g| 
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a.e. implies \\MfW, < \\Mg\U and |/ n | | |/| a.e. implies ||M/ n ||i T HM/Hl Therefore, 
on T, we could have defined ||/||i,iogL = H-^/Hi and LlogL(T) the space of functions 
which are mapped into L 1 by M. There is a similar result for L(log L) n (T). 

Corollary 4.22. / G L(log L) n+1 (T) if and only if Mf e L(logL) n (T), and, in 
particular, ||/|U(io g L)™+i ~ ||M/|| L( i ogL) n. 

Proof. We know (Mf) { *^ ~ f { *> 2 \ It follows from induction that (Mf) { *^ ~ 

/( *,n + i) for all 7i > l. Thus, ||/|U (logir = Hf^ n+1 \t)dt ~ fi(Mf)(*> n \t)dt = 

||M/|| L(logi) n-l. □ 

Finally, we return to the unanswered question of the end-point estimates of the 
strong maximal function M5. The probability space we focus on now is (T d ,m). As 
each of the j th parameter maximal operators Mj map L 1 to weak-L 1 and LP to LP, we 
have by interpolation that Mj : L(logL) n+1 (T (i ) -> L(log L) n (T d ). Thus, for n > d, 

\\Ms\\ L (io S Lr <\\M 1 oM 2 o..-o M d f\\ L(logLr 
< \\M 2 o ■ ■ ■ o M d /|| L(logL)n -i 

^ • • • ^ 11/11 L(logL)«-d- 

In particular, M s : L(logL) d (T d ) -> L^T*) and M 5 : L(logL) fl! - 1 (T d ) -> L 1,0 °(T d ). 
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Chapter 5 



Single-parameter Multipliers 



5.1 Shifted Max and Square Operators 

For n G Z, define the n-shifted maximal operator as 

M n f(x) = sup i, / |/(x)|ds, 

where the supremum is taken over all intervals I containing x, but the integral is over 
I n . We would like to establish results for M n similar to those of M. This is quite 
simple. 

Fix / and n. Let x G T and e > 0. Choose an interval I containing x so that 
M n f(x) < f In \ f{x)\ dx+ e. There exists an interval /' (possibly all of T) which 
contains both I and I n , and \I'\ < (\n\ + Thus, 

M n f{x) - € <±-J \f(x)\dx < (\n\ + 1)^ J \f{x)\dx < (\n\ + l)Mf(x). 

As e is arbitrary, we have the pointwise estimate M n f < (|n| + l)Mf. Therefore, 
we immediately obtain all the LP estimates of M, along with the Fefferman-Stein 
inequalities, for M n with an additional factor of |n| + 1. 

Now consider an adapted family ipj. By precisely the same argument used in 
Proposition 11.81 

M' n f :=sup±r(^J) X i<M n f. 

i M I 

So, M' n f is also easily understood. 
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However, the shifted square function 



does not permit a simple pointwise estimate. To prove the desired LP results, one 
has to go through the argument as presented in Chapter [3] with S n instead of S. We 
refrain from doing this, as only a brief description seems necessary. 

It can be shown that S n : L 2 — > L 2 exactly as before, with no dependence on n. 
This is because in the proof of Theorem 13.41 (and the preceding lemmas), we sum over 
all I with the same lengths, and the shift will not be important. 

Fix a dyadic interval I and a an L 1 -function supported on / with integral 0. Define 
I* = (2\n\ + 2)1 if 2\n\ + 2 < 1/\I\ and 7* = T otherwise. Then, |/*| < (2\n\ + 2)\I\. 
If J is a dyadic interval with | J\ < \I\, we have that J C I* or J, I* are disjoint. If it 
is the later, then by construction, J n and 21 are disjoint. It now follows by precisely 
the same argument as in the proof of Lemma 13761 that ||£' n a||£i(T-.r*) % where 
the underlying constant is independent of n. Applying the same decomposition as 
Theorem EH we have \\S n f\\ 1>00 < (M + l)||/||i for all / G L 1 . 

Define the shifted linearization 

i 

By the same technique as before, T™ : L 2 — > L 2 with no dependence on n. For 
the weak-L 1 result, simply replace S 1 with S 1 ' 71 in the proof of Theorem 13.101 The 
constant C which is chosen at the beginning will now depend on n, but as we saw, C 
actually cancels out by the end. This gives ||T e n /||i i00 < (|n| + l)||/||i. The rest of the 
arguments follow as before giving H-S^/Hp ~ (\ n \ + and II^T/IIp ~ (1^1 + 1 ) WfWv 

The Fefferman-Stein inequalities also hold for S n , with the additional factor of \n\ + 1. 

On a different note, let a G [0, 1] and I a = I + a\I\. This shifts the interval, much 
like I n , but we use a different notation to distinguish the roles a and n will play. 
Define 

M2f(x) = sup Ir [ \f(y)\dy. 
xei I 1 1 Jig 

By the same argument as before, M£f < (\n\ + a + l)Mf(x) < (|n| + l)Mf(x). So, 
if we let MWf(x) = sup Q M™f(x) for each x, then satisfies all the estimates of 
M (L p — > L p , L 1 — > L 1 ' 00 , and Fefferman-Stein inequalities) with an additional factor 
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of \n\ + 1. 

For an adapted family {<fi}, let ipi a (x) = <pi(x—a\I\) so that each <p Ia is uniformly 
adapted to /„. Like the argument before, M'™f(x) = sup/ pr ((pig, f)xi( x ) IS M£f( x )- 
For a 0-mean family, let 

and S^f(x) = sup Q S™f(x). We are interested in gaining estimates on SH First, 
fix an interval I. Note, for any x, dist(x, I a ) > dist(a;, 7) — a\I\ and 



< 2™C m (2 - a + diSt ^ 7) )"" < 2»C„,(l + d ' St( ^ J) )"". 

That is, each (pj a is actually uniformly adapted to I. Fix / and n. For each dyadic 
interval /, choose an J # , dependent on /, so that | /)| = sup a Then, 

As each yj/n is uniformly adapted to 7 ra , we observe that S^f is bounded by a 
kind of S n f, with a new adapted family. Hence, ||5'' Tl '/||i i oo ^ (M + l)||/||i an d 
l|5 [nl /ll P < (H + 1)II/IIp as before. 
Finally, let 

T\ n] f{x)= fj^zM^M^da. 
Jo j 

Let 1 < p < oo and take \\g\\ p > < 1. Then, by the normal Holder argument 
|(Tj n] f,2>| < II^/HpII^II^ < (|n| + l)||/|| p . As g in the unit ball of D>' is ar- 
bitrary, ||Ti n] /|| P < (M+l)||/||„. To show that ||Ti n] /||i,oo < (H +l)||/||i, one needs 
to run the argument of Theorem 13. 101 again, this time with S 1 replaced by S 1 '™ and 
S 2 ' k replaced by S 2 ' k '^. As each of the square functions is the supremum over a, the 
integral over a will be irrelevant. 
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5.2 Marcinkiewicz Multipliers 



Definition. Let m : R — » C be smooth away from and uniformly bounded. We say 
m is a Marcinkiewicz multiplier if |m^(i)| < for < / < 4. 

The restriction I < 4 is what we will need. It can often be assumed to hold 
for many more derivatives. Our definition here differs slightly from the classical 
definition. Normally, m is taken only to be in L°°, not uniformly bounded. Typically, 
the multiplier appears in some integral and the value of m at is irrelevant. Here, 
however, it will applied in a sum and the value is important. 

Given a Marcinkiewicz multiplier m, define the Marcinkiewicz multiplier operator 
for / G L 1 (T) as 



<ritx 

iiuyL)j yu)v 

We will show this operator satisfies the same LP properties as its classical counterpart 
on R. First, we show the following technical results. 



Lemma 5.1. Fix positive integers k and K. For each n e Z A ' ; write a(n) = 
Ylf=i(\ n j\ + !)■ Suppose we have fa : T d — > C for each n 6 Z A and ||/n|| P) oo < a(n) 
for all n and some p > 1/k. Setr = k + 3 and F = J2n a (™)~ r fn- Then, \\F\\ P)O0 < 1. 

Proof. Let A > 0. Fix C = ^a(n)" 3/2 . It is clear that 

{|F| > A} C (J{|/*| > XC^ainy-^}. 

ft 

So, |{|F| > A}| < Zn\{\M > XC-'a(ny-^}\ < f £ J/dl£,oo«(^r p+3 ^ < 
?Eri«(^)~ rp+5p/2 ~ because p(-r + 5/2) = p(-k - 1/2) < -1. As A is 
arbitrary, ||F|| P)00 < 1. □ 

Lemma 5.2. Let m be any Marcinkiewicz multiplier and ip\ the functions guaranteed 
by Theorem \1.4\ For each fceN, there is a smooth function m k so that m k i\)\ = mip\ 
and 



-2nin2- k t 



where \c^ n \ < (\n\ + 1) uniformly in k. 

Proof. Let <p : E -> C be smooth, with supp(p) C [-1/2,-1/32] U [1/32,1/2] and 
(p = 1 on [-1/4, -1/16] U [1/16, 1/4]. Define m k {t) = m(t)^{2~H). Then, m k = m on 
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[— 2 k 2 , —2 k 4 ] U [2 k 4 ,2 fc 2 ], or equivalently m k ^>\ = mi\)\. Further, m k is supported 
on E k := [-2* -1 , -2 fe ~ 5 ] U [2 fc ~ 5 , 2 k ~ 1 ] C [-2 fe " 1 , 2 fe ~ 1 ], an interval of length 2 k . 

Recall that {e~ 2mnx } neIl is an orthonormal basis for the Hilbert space L 2 ([0, 1]), 
or any interval of length 1 in R. Thus, {2~ k / 2 e~ 2win2 ~ kx } is an orthonormal basis on 
any interval of length 2 k , and 

(r e 2-win2- k x \ e ~2nin2- k t fc 

/ 2fc/2 tfa) 2fc/2 =^c fc , ra e- 2 "" 2 " fcf , 

where c fc , n = 2~ k f R m k (x)e 2mn2 ~ kx dx. 

First, if n = 0, then c k ^ n = 2~ k f R m k dm = 2~ k f E ^ m k dm, and we see \c k ^ n \ < 

2 _fe |£;jk|||m||oo||^||oo < H^Hoo Halloo < 1. 

Now assume n^O. Let C = max{||^W|| 00 : < I < 4}. On E k , \m®(x)\ < 
\x\~ l < \2 k ~ 5 \- 1 = 2~ kl 2 u for I < 4. Thus, 

\™ ( k \x)\ < \m«\x)\\2- k ^^- l \2- k x)\ <Y^2' kl 2 u 2~ Ak 2 kl C < 2~ 4k . 

1=0 1=0 

By several iterations of integration by parts, 



m k (x)e 



2nin2 k x ^ 



m k (x)e 



ml'(x) 



2nin2 k x ^ 



J2mn2 k x 



(2mn2- 



k\4 



dx 



< 



)4fc 



n 



F, Mlrr7 (4) ll < < 
^fel \\ m k \\00r^ ■ 



\n\ 



Namely, |c M | < (|n| + 1) 4 . 

Theorem 5.3. For any Marcinkiewicz multiplier m, A m : L 1 (T) 
A m : L p (T) -> L p (T) /or 1< p < oo. 



□ 



L 1 '°°(T) and 



Proof. We start by noting that we can assume m(0) = 0. Let m = m away from 
and m (0) = 0. Then, m is a Marcinkiewicz multiplier and A m f(x) = m(0)/(0) + 



A mo /(x). But, |m(0)/(0)| = |m(0)/ T /(x)tfa| 



< 



< 



for any p, as m is 



uniformly bounded. Thus, it suffices to prove the result for A mo , or equivalently, 
assuming m(0) = 0. 
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Fix /, g e L 1 (T). Define the reflection of a function by f(x) = f(—x). Let fo = f 
and go = 9- Then, 

(A m f,g)= I A m f(x)g (x)dx = f (j2 m (t)f(t)e 27Tixt )g (x)dx 
= X>(f)/(t) / Po(x)e 2 ^ t d a : = X>(t)/(t)&(-t). 
Now apply Theorem 11.41 to write 

oo 

tez fe=i 

oo 

fe=l tez 

where is as given in Lemma [5. 21 Let ip\ n {x) = — n2~ k ). Then, 

oo 

™ez fe=i tez 

oo 

= E E E ^»/wvu*)ft(-*)#(-*) 

nez fc=i tez 

oo 

= E E E c ^(/ * <„r wow * ^r(-i) 

nez fe=i iez 

oo „ 



neZ fe=l 



the last line being an application of Plancherel. Even though /, go are only assumed 
in L 1 , f * ij)\ n and g * ipl are smooth, thus in L 2 . Focusing on just the integral 
portion, 
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(f *^ln)(x)(9o*^l)(x) dx 

L 

if *^l,n)( x )(go*^l)( x ) dx 

2~ k f (f*^l n )(2- k x)(g *iPl)(2- k x)dx 
Jo 

2 - k r + \ f ^ ri n){2 -* x )(g * i,l){2- k x) dx 

3=0 J 3 

2 k — 1 i 

2~ k Yl I (/*V'U(2- fc (a + j))(^o*V'D(2- fe («+i))^ 

3=0 J ° 
2*-l ,-1 

2 ~ k J2 / (^Ij^^i^ha^da, 

»-n ^0 



J=0 

where Vi J>jQ 0) = Vfc,„(2~ fc (a + j) - x) = ^(2- fc (a + j + n) - s) and ^lj t Jx) = 

i;l(2~ k (a + j)-x). 

For a dyadic interval I = [2~ k j,2~ k (j + 1)], let y?? Q = 2~ fc V>| . . Similarly, let 
= 2~ k ipl ■ n a . It is easily checked that the original conditions on ip 1 , ip 2 guarantee 
that (pj, (pj are 0-mean adapted families. Let 0} = |/| _1 / 2 <^} and cf] = \I\~ l l 2 tp 2 j, so 
that 



oo 2 fc -l „x 

nez fc=i i=o ^° 

= 5^/ ^2 c i,MsJo}(<t> 2 i a ,g)da, 

where the inner sum is over all dyadic intervals and c/ in = Ck )U when |/| = 2~ k . Write 
c' In = (\n\ + l) 4 c/ jri , which are uniformly bounded in / and n by Lemma [5.21 Hence, 
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1 f 1 

(A m f,g) = /I , ~ 1)4 / ^CiM^h){(f] a ,9)da 

= E (H + 1)4^/0^) 
= (E(| n | + l)4 T i nl /0^) 

As g G L 1 is arbitrary, it follows that A m / = XXI n l + ^"^"Vo a - e -- But, 
riT ] /o||p < (H + 1)11/011, = (H + l)||/|| p and HrW/olkoo < (M + l)||/||i. So, we 
have immediately that ||A TO /|| p < ||/|| p for all 1 < p < oo. Further, by Lemma [57X1 
(withK = A; = l), ||A m /||i,oo< H/lli. □ 

Corollary 5.4. A m : L(logL) n — ► L(logL) n_1 /or any Marcinkiewicz multiplier m 
and fieN. 



5.3 Single-parameter Paraproducts 

Return to the linearization T e defined in Section 13.31 This linear operator can be 
viewed as the simplest in a family of multilinear operators, which we call paraproducts. 
For simplicity, we will focus only on the bilinear case, but the other operators are 
handled in precisely the same manner. 

For /, g : T — > C, the single-parameter bilinear paraproducts are defined 

g) (x) = *i jjjl75<#> /) <#> 9)fi(x), 

for a = 1, 2, 3, where ip\, ipj, and y?j are three adapted families with the property that 
f T (p\ dm = for i ^ a. As before, the sum is over all dyadic intervals /, and (ej) is 
a uniformly bounded sequence. By dividing out a constant, we can assume \ei\ < 1. 
The reason for the terminology single-parameter will be become clearer in the next 
chapter. 

The primary goal of this section is to prove standard LP estimates of these para- 
products, which we do now. 

Theorem 5.5. T a : L Pl x LP 2 — > LP for 1 < pi,p 2 < oo and 1 = ^ + ^. //pi or 
p 2 6oi/i are egwa/ to 1, this still holds with LP replaced by L p '°° . The underlying 
constants do not depend on a or the sequence 
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Proof. We will assume that a = 1, so that J (f)\ dm = for % = 2, 3. It will be clear 
that the proofs for a = 2, 3 are essentially the same. 

First, suppose p > 1. Then, necessarily pi,^2 > 1 and 1 < p' < oo. Note, 
1/pi + l/p 2 + 1/p' = 1. Fix /i e L P '(T) with \\h\\ p > < 1. Then, 



£^K#>/>ll<#>0>ll<#>*>l 



< 

1 



M,f)\\m,9)\\ 






J|l/2 


J|l/2 


|J|l/2 



J T \ s / P |/|i/2 ) y 2^ — jjj — ^ x > J yz^ — jjj — Xl ^ x > ) dx 



< 



M'f{x)S 2 g{x)S 3 h{x) dx 



<\\M^XA\s 2 g\\ P2 \\s 3 h\\ p ,<\\f\\ pl \\g HP . r 



As h in the unit ball of L p> is arbitrary, we have \\T}(f, g)\\ p < \\f\\ Pl \\g\\p 2 - 

Now suppose 1/2 < p < 1. We will show T} : L Pl x L P2 for all 1 < 

Pi,P2 < oo. The fact that L p '°° can be replaced by L p where appropriate will follow 

immediately from interpolation of these results. Fix 1 < pi,p 2 < oo. 

Let = ||<7||p 2 = 1 and \E\ > 0. By Lemma [3T9| we will be done if we can find 

E' C E, \E'\ > \E\/2 so that | (T^(f, g), X e>) I < 1 < l^l 1-1 ^. Using Theorem \TM 

decompose each (f> 3 into 

oo 

0H£ 2 ~ lofc ^ fc 
fc=i 

where (f) 3 ' k is the normalization of a 0-mean adapted family ip 3, k , which are uniformly 
adapted to /. Further, supp(0j k ) C 2 k I for k small enough, while <p 3 ' h is identically 
otherwise. Now write 

(T}(f, g), xv) = £ 2 ~ Wk £ c ' |m75 /) <#> 
fc=i / ' ' 

Hence, it suffices to show | e/|/|~ 1//2 (0}, g){4 >3 i > Xe<)\ ^ 2 4fc , so long as the 

underlying constants are independent of k. 
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Let S 2 and S 3 ' k be the square functions for (ft 2 and (ft 3 / k . For each k EN, define 



V-sk = {Mf > C2 3k } U {S 2 g > C2 3k }, 
n* = {M( Xn _J > 1/100}, 
8* = {M( X ^)>2- fc - 1 }. 



fcGN 

Observe, is less than or equal to 



OO 1 -i 

1 -4, /.,, ... 



100^2^1^111,^ 7 ^2-^ fe ||M|r L 1 P1 ^ LP1 , 0O + ^-^ll^ 2 ,,, . 
fe=i 



Therefore, we can choose C independent of / and g so that \Q\ < \E\/2. Set E' = 
E - n = E n tt c . Then, E' C E and > |£|/2. 

Fix k E N. Set Z fc = {S 2 g = 0} U {S 3 ' fc (x£') = 0}. Let D be any finite collection 
of dyadic intervals. We divide this collection into three subcollections. Set T>\ — {I E 
T> : I l~l Z k 7^ 0}. For the remaining intervals, let T> 2 = {I E T> — T>\ : I C Q k } and 

D 3 = {/eO-Pi:/nO^0}. 

If I E T>\, there is some x E In Z k , which implies S 2 g(x) = or S 3 ' k (xE')( x ) = 0. 
If it is the first, ((f) 2 , g) = for all dyadic J containing x. In particular, {(ft 2 ,g) = 0. 
If it is the second, then {(ft 3 / k , xe>) = 0. As this holds for all / E T>\, we have 

Now suppose / E T> 2 , namely / C Q k . If k is big enough so that 2 k > then 
(ft 3 / k is identically and ((ft 3 ' k ,Xe') = 0. If 2 k < then (ft 3,k is supported in 2 k I. 

Let x E 2 k I, and observe 

M{Xn k ){x) > ^rJ 2k Xn k dm > ^ Jx^ dm = 2' k > 2~ k ~\ 
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That is, 2 k I C tt k C fi, a set disjoint from Thus, (0j ,fe , x^') = 0. As this holds 
for all / G X>2, we have 

Finally, we concentrate on V 3 . Define fi_ 3 fc + i and U^ 3k +i by 



fi_ 3fe+1 = {M/ > C2 3fc - 1 }, 

n_ 3fe +i = {/ e v 3 : |/ n ft_ 3fe+ il > |/|/ioo}. 



Inductively, define for all n > —3k + 1, 



Q n = {Mf > C2~ n }, 

n-l 

u n = {iev 3 - |J n, : \mn n \ > |/|/ioo}. 

j=-3k+l 

As WfWp! = 1, and thus not equal to a.e., Mf > everywhere. So, it is clear that 
each / e T> 3 will be in one of these collections. 

Set fl'_3k = fi-3fe for symmetry. Define Q'_ 3k+1 and n'_ 3fe+1 by 



n'_ 3fe+1 = {/ e v 3 : |/ n n'_ 3k+1 \ > |/|/ioo}. 



Inductively, define for all n > —3k + 1, 



ST n = {S 2 g > C2- n }, 

n-l 

W n = {iev 3 - |J n; :|/n^|>|/|/ioo}. 

j=-3k+l 

As every / G T> 3 is not in £>i, that is S^g > on /, it is clear that each I E V 3 will 
be in one of these collections. 

Now, we can choose an integer N big enough so that £l'!_ N = {S 3 ' k (xE') > % N } has 
very small measure. In particular, we take N big enough so that \lnil"_ N \ < |/|/100 
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for all I eV 3 , which is possible since V 3 is a finite collection. Define 



n'Vi = {iev 3 -.\m Q'Vil > |/|/ioo}, 

and 



«n = {S 3 ' h (XE>) > 2- n }, 



n— 1 



K = {iev 3 - |J nj:|/nn^|>|/|/ioo}, 

j=-N+l 

Again, all 7 G £>3 must be in one of these collections. 

Consider 7 G X>3, so that 7nfi£ 7^ 0. Then, there is some x G 7nf2£ which implies 

|/ n ft_3fc|/|/| < M(xn_ 3 J(a;) < 1/100. Write n niiri2 , n3 = n ni n w n2 n n^ 3 . So, 



E 

ni,n2>— 3fc, «3>— AT 

E 

ni,ri2>— 3fe, ri3>— AT 



E 



rlW,/>IIW,S>IIWf,X E ')l 



E 



/en 



™l. n 2' n 3 



|/|l/2 

|/|l/2 |J|l/2 |J|l/2 



Suppose 7 G n niin2jn3 . If rii > — 3A: + 1, then 7 G II ni , which in particular says 
7 £ II ni _i. So, |7 n FL ni -i\ < |7|/100. If m = -3k + 1, then we still have |7 n 
^-3*1 < |/|/100, as I G V 3 . Similarly, If n 2 > -3k + 1, then I G U.' n2 , which 
in particular says I <£ W n2 _ v So, |7 n ^n 2 _i| < |7|/100. If n 2 = -3A; + 1, then 
|/Pl Sl'_ 3fe | = |/nfi_3fe| < |/|/100, as 7 G P 3 . Finally, if n 3 > -N + 1, then 7 £ 
and |7 n ft^l < |7|/100. If n 3 = -N + 1, then |7 n ft'L N \ < |7|/100 by the choice 

of n. So, | j n n^.! n n n^_ x | > ^|7|. Let Q ni , n2 , n3 = (JU ^ e n ni , n2>n3 }. 

Then, 



,n2,n 3 



>iL|,| 

- 100 1 1 



for all 7 G n 



ni,7i2,ri3- 



Further, 



104 



v m,f)\m,g)\(<i> 3 i k ,XE')\ , n 

Z- |/|l/2 | 7 jl/2 |J|l/2 I I 

1/2 |/|l/2 |J|l/2 



/en ni 

>™2> n 3 



< V- IMl^l] lM!iXgjJ 1 rone nQ /c n „// c n0 I 

~ I r 1 1/2 I7-II/2 17-11/2 I 11 "ni-l 11 "n 2 -l 11 Si n 3 -1 11 si ni,n 2 ,n 3 l 



/en„ 



^-inn-.^n-.^n^,^,^ /6 n ni ,„ 2 ,„ 3 l J l 1/2 I 7 ' 17 ' l J l 1/2 

< / M/(x)5 2 ( 7 ( a :)5 3 ' fc (xE0^)^ 

^ ^nj - 1 nS ^ 2 - I nf2 "3 -1 n ^ n l > n 2 ."3 

< C 2 2- Ttl 2- n2 2- na |fi ni , 



,n2,n3 I • 



"Til I 



Note, |Q ni , n2 , n3 | < |UU = / G n n J| < \{M( Xn J > 1/100}| < 
|{M/ > C2-»i}| < C-^2^"i. By the same argument, \n ni , n2 , ns \ < \WJ = \{S 2 g > 
C2~^}\ < C~^ n \ and |ft ni)n2 , n3 | < = \{S 3 > k ( X E>) > 2~ n3 }\ < ^ for any 

a > 1. Therefore, |fi rei ,„ 2 ,„ 3 | < C- pi - p2 2 eiPini 2 02P2 " 2 2 e3Qn3 for any 6 l + 2 + 3 = 1, 
< 01,02,03 < 1- Hence, 



iev 3 1 1 

< ^ ^ 2( eipi ~ 1 ) ni 2^ 2P2 ~ 1 )™ 2 2^ 3a ~ 1 -'"' 3 + 

ni,n2>— 3fc, n 3 >0 

^ ^ 2( 6,lPl_1 )™ 1 2 ( ' 6 ' 2P2 ~ 1 -' ra2 2^ 3a_1 -' n3 

ni,n 2 >-3fe, -N<n 3 <0 
= A + B. 

For the first term, take Q x = l/(2p 1 ), 2 = l/(2p 2 ), 03 = 1 - l/(2p), and a = 1. For 
the second term, take 9 1 = l/(3pi), 2 = l/(3p 2 ), 03 = 1 — V(3p) > 0, and a = 2/0 3 
to see 

_ 'y ^ 2 _ni / 2 2 _n2 / 2 2 _n3 ^ 2p < 2 3fc 

ni,n2>— 3fc, ra3>0 

^ ^ 2— 2ni/32~ 2ri2/32 n 3 < ^ ^ 2~ 2n i/32~ 2n 2/32 ri 3 < 2 4 ^ 

ni,ri2>— 3fc, — A r <r*3<0 ni,n2> — 3fe,n3<0 

The estimate for A is made in part because p is bounded away from (p > 1/2). 
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Also, there is no dependence on the number N, which depends on T>, or C, which 
depends on E. 

Combining the estimates for T>x, X>2, and P3, we see 

Ew K ^' /)ll( ^^ )IK ^' XB,)l - 24fe ' 

lev ' ' 

where the constant has no dependence on the collection T>. Hence, as T> is arbitrary, 
we have 




Ak 



which completes the proof. □ 

It should now be clear that proving the above for a 7^ 1 follows by permuting the 
roles of M and 5*. In particular, M will always be applied to the function in the a th 
slot and S to the others. 

For any n G Z 2 , we can define the shifted paraproducts by 

T< H \f,g)(x) = J^^ij^^hJ)^^)^)^ 

where, as before, f T y?} dm = for i 7^ a. Much like in Section 15.11 understanding 
these operators is just a matter of reworking the proof. Simply replace M by M\ n ^ 
and S by where appropriate. This leads to the previous estimates with an 
additional factor of (|ni| + 1 ) ( | ri 2 1 + 1)- 

5.4 Coifmann- Meyer Operators 

We will employ the standard "9" notation of partial derivatives. That is, djf is the 
k th partial derivative of / in the j th variable. Further, if a = (oti, . . . , a n ) is a vector 
of nonnegative integers and / : lR d — > C, then 

d a m = d**...d?f(x 1 ,...,x n ) 

For such a vector a, we write \a\ — a± + . . . + ad- 

Definition. Let m : Mr —>■ C be smooth away from and uniformly bounded. We 
say m is a Coifman-Meyer multiplier if \d a m{t)\ < ||fj|~' a ' for all vectors a with 



106 



|a| < d(d + 3), where \\t\\ is the standard Euclidean norm on M. d . 

For a Coifman-Meyer multiplier m on M d and L l functions /i, . . . , fa : T — > C, we 
define the multilinear multiplier operator A m (fi, . . . , f d ) : T — > C as 



Am(/i, . . . , /d)(x) = ^(^/i^i) • • • u^y 



2irix(t 1 +...+t d ) 

," V \"JJ ja\"aj l 
t'ez d 

The principal goal we have for these operators is the following LP result. 

Theorem. For any Coifman-Meyer multiplier m on IR d , A m : LP 1 x . . . x LP d — > LP 
for 1 < pj < oo and ^ + . . . + ^- = K If any or all of the pj are equal to 1, this still 
holds with LP replaced by L p '°°. 

For simplicity, we will focus on the d = 2 case, but there is no difference in the 
proof. We start with the following. 

Claim 5.6. Let f,g,h:T^C be smooth. Then, 

f{s)g{t)h(-s -t)= f f{x)g{x)h{x) dx. 
s,tez ^ T 

Proof. As / is smooth, we have the inversion formula f(x) = Y2 S f(s)e 2mxs . Similarly 
for g. So, 



f(s)9(t)h(s ~t)=J2 f( s )9(t) ( / h{x)e~™<- s -* dx] 

, Kx) ( £ me 2 ™*) ( £ W)e 2mxt ) dx 



f(x)g(x)h(x) dx. 



□ 

ct,l / a, 2 



Lemma 5.7. Lei m : IR 2 — > C be any Coifmann- Meyer multiplier and ip^ > 
a = 1, 2, 3 ; the functions guaranteed by Theorem ! 1.6L For each k G N and 1 < a < 3 ; 
there is a smooth function m a ^ so that m a ^{s,t)%l)^ (s)V>& (t) = m(s,t)ip^' (s)ipl' 2 (t) 
and 



m a>k (s,t) = J2 c a , k ,He- w - ks e-^- kt 



where \c a ^,n\ < (|^i| + 1) 5 (|^2| + 1) 5 uniformly in a and k. 



107 



Proof. Let <pi : R 2 — > C be a smooth function with 



supp(v?i) C ([-2~\ -2- 11 ] U [2" n , 2- 1 ]) x [2~\ 2" 1 ] and 
V9 1 = l on ([-2- 2 ,-2- 10 ]U[2- 10 ,2- 2 ]) x [-2" 2 ,2- 2 ]. 

Let <^ 3 = <fi and <^ 2 (x, y) = (pi(y, x). Define m a} k(s, t) = m(s, t)ip a (2~ h s, 2~ k t). Then, 

"Vfc(sj OV'fc' 1 ( s )'0fe' 2 (O = m ( s > ^)'0fe' 1 ( s )'0fc' 2 (^) by construction. Further, if i?^ is the 
support of m ajfc , then £ a)fc C [-2* -1 , 2 fc_1 ] 2 . 

Recall that {2- fe / 2 e - 2 ™ 2 ^} is an orthonormal basis on any interval of length 2 k , 

so 



2nini2 k x ^2itin22 k y \ g— 27rini2 fe s g— 2niri22 k t 



(r g27rini2 K a; g27rin22 K j/ \ 
J^ ma , k (x,y)—^ -^—dxdyj 2k/2 2k/2 



in 

He 

E -2mn 1 2- k s -2mn 2 2- k t 



where c a , M = 2~ 2fc / R2 m^x, y^™^^ 2 ™* 2 '^ dxdy. 

First, if n = (0, 0), then c a ^, n = 2~ 2k f R2 m ajfc dm = 2~ 2fc m ajfc rfm. So, |c a;M | < 
2- 2fe | J B fe |||m|| 00 ||^|| 00 < llmllooll^lloo < 1. 

Assume n\ ^ 0, n 2 ^ 0. Let C = max-flld'Valloo : < |a| < 10, a = 1, 2, 3}. Note, 
for (x, y) E E atk , \x\ > 2 k ' u if a = 1, 3 and \y\ > 2 k - u if a = 2. So, || (x, y) \\ > 2 k - u 
on E aM and \d a m(x,y)\ < \\(x,y)\\-^ < |2 fe - n |-l a l = 2- fc H2 n H for all |a| < 10. Set 
= (5, 5). Write a < P if an < Pi and a 2 < (3 2 - Then, 



\d p m a , k {x,y)\ <Y,\d a m{x,y)\\2^\-\^d^^{2- k x,2- k y^ 

a</3 

<- 2- fe l a l2 11 l a l2~ 10fc 2 fc ' a 'C < 2~ 10fc 

a</3 



By several iterations of integration by parts, 
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m„ k (xe 



dx dy 



m a , k (x)e 2nini2 ~ kx e 2nin22 ~ ky dx dy 



a , k 



EaM d " m - k{x \2^ ni 2^n2^n 2 2-^ dXdV 
< -\E a>k \\\d^m a>k W- < < 



2 2k 



|ni| 5 |n 2 | 5 



M 5 |n 2 |5 ~ (K| + l)5(|n 2 | + l)^ 



Namely, |c aj fc^| < (|ni| + 1) 5 (\n 2 \ + 1) 5 - If U\ = 0, repeat the above argument with 
P = (0,5). If n 2 = 0, use (3 = (5,0). □ 

Theorem 5.8. For any Coif man- Meyer multiplier m on M? , A m : LP 1 x LP 2 — > LP 
for 1 < pi, j?2 < oo and i + i = i. If p\ or p 2 or both are equal to 1, this still holds 
with LP replaced by LP'°° . 

Proof. Fix m and let /, # : T — > C Then, 



A m (f,g)(x) = m(s,t)f(s)g(t)e 



2nix(s+t) 



s,teJ 



As in the proof of Theorem 15.31 we can assume m(0,0) = 0, as |m(0, 0)/(0)p(0)| < 

uiMli<ll/IUIMU. 

Let h G L l (T). Write fo — f and similarly for g , ho- Then, 



(Kn(f,g),h) = / A m (f } g)(x)h (x)dx 
't 

/ J2 rn(s,t)f(s)g(t)e 2 ^ s+ Ah (x)dx 

s,tEZ ' 

^2m(s,t)f(s)g(t) I h (x)e 2m ^ s+t Ux 
^m(s,t)f(s)g(t)ho(-s-t). 



s,tei 



Now apply Theorem 11.61 to write 
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(A m (f,g),h) = ^^4.*tf(#)tf(t)S(-«-^(-«-t) 

0=1 fe=l s,t& 
3 oo 

o=l fe=l 

=: Si + S*2 + 

where m ajfe is as given in Lemma [3771 Let V^mO^) = ( x ~~ ™i2 _fc ) and V'fc'^^) = 
ipk' 2 (x — n 2 2~ k ). Then, 



= E E m «^( S ' t )/( S )V ; fe' 1 (s)?(t)^' 2 (t)^o(-S - t)^' 3 (-S - t) 

k=i s,tez 

00 

= E E E c ^/>)C(^)C s (*(- s - « 3 (- s - *) 

nel? k=l s.tez 

00 

= E E E c *-m(/ * iCrwfo * iCrwfo * v>f n-« - o 

nez 2 fe=i s,tez 

00 „ 

= E E Ca ' fc '« / * ^SJ^)^ * ^fc,n 2 )( 3; )( /l * *Pk 3 )(x) dx, 
n&? fc=l ^ T 

where the last line is the application of Claim [5761 Even though f,g,ho are not 
necessarily smooth, their convolutions with smooth functions will be. Just as in the 
proof of Theorem 15.31 we can dilate and translate to write 

= 2- fc f (/*^Jij(2-*x)(^*^)(2-*rr)(/io*tf)(2-*x)cfa 
./o 

= 2 ^E / ^kln 1 ,aJ){^kln^t){^klaM)da, 

where ^fcj.rn,^) = ^Mi( 2 + j) ~~ x ) = V'fc (2~ fe ( a + j + ni) - x), and similarly 
for the other two functions. 

For a dyadic interval 7 = [2~ k j,2~ k (j + 1)], let (p% = 2~ k ^) n (p a £ 2 = 
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2 fc V^,j,n2,a> an d V 9 /! 3 = 2 k ?Pkj,a- ^ i s easily checked that the original conditions 
on %l) a ' 1 guarantee that </?"' 1 are adapted families with mean when a ^ i. Let 
0^ = Ill-Va^*, so that 

oo 2 fc -l „! 

^ = ^ C «.M 2 ^ ^ / (V'*i 1 „ ll a»7)(V'fcj, Ttt , a .^(V'fcj ) a 5 ^o) dQ! 

nez 2 fc=i i=o " / ° 

f 1 1 

where the inner sum is over all dyadic intervals and c a j,H = Ca,k,H when |/| = 2~ k . 
Write c' aIH = (\ni\ + l) 5 (|n 2 | + ^) 5 c a j,H, which are uniformly bounded in / and n by 
Lemma [5.71 Hence, 

i r 1 . i 

s ° = E ( | ni | + + i)b y o E</,«|jp<*&/°w$.*>w^ h > da 

= Sdml + iWW + i) 5 ^^' 90 ''"* 

As /i 6 L 1 is arbitrary, it follows that 

almost everywhere. We know ||T c "' W (/o, 0o)|| P ^ (Kl + + l)||/||jn IMU wn en 

Pi,pa > 1, and \\T^' [n] (f , g )\\ P ,oo < (M + l)(|n 2 | + l)||/|UlblU when Pi or P2 
or both are equal to 1. So, \\A m (f,g)\\ p < \\f\\ pi \\g\\p 2 whenever p > 1, pa,p 2 > 1 
follows immediately. By Lemma O (with k = 2), ||A m (/, fl0||p jOO < II/'IUIIS'IU for a11 
Pi)P2 > lj the sum over a does not cause any problems. By interpolation of these 
cases, ||A m (/,c?)|| p < ||/|| m ||5'||p 2 whenever p^p 2 > 1 and p < 1. □ 
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Chapter 6 



Bi-parameter Multipliers 



6.1 Hybrid Max-Square Functions 



When considering bi-parameter multipliers, the max and square functions of previous 
chapters can no longer be applied. However, they can be properly extended to this 
setting [26|l27j. 

We say a set R C T 2 is a dyadic rectangle if there exist dyadic intervals / and J 
so that R = I x J. Given two adapted families ip] and tpj, we will write <p>n(x,y) = 
(p}(x)ip^(y) for R = I x J. We will informally write {^Pr\ to mean the collection over 
all dyadic rectangles R. For tp R = ip] © </>j, set 4>r = l-Rl" 1 / 2 ^ = <p] © 2 . 

For functions / : T 2 — > C, define 



where of course R = I x J . This MS operator is similar to taking a square function 
S of / in the its second variable, then a maximal function M' in its first variable. 
Analogously, if J T ip] dm = for all J, define 



MMf(x,y) = -—^\((f) R , f)\xR(x,y). 
If {ipr} is a family such that J T ip 2 j dm = for all J, then define 





Finally, if f T <p] dm = J T cpj dm = 0, set 
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SSf(x,y)= ^IW^Lx^y) 

We note that the "M" in MS, SM, and MM really corresponds to an M'. However, 
this should not cause any confusion. 

From now on, we will be less rigid about the notation. If we write it will be 
understood to be a collection over all dyadic rectangles, where each (fi R = 4>\ © 2 . 
Further, whenever we employ MM, SM, MS, or SS, it will be understood that there 
are underlying adapted families and they have integral in the appropriate variable. 

Theorem 6.1. Each of MM, MS, SM, and SS maps Z/(T 2 ) -> L P (T 2 ) for 1 < 
p < oo and Llog L(T 2 ) -> L 1,0O (T 2 ). 

Proof. Throughout this proof, we will write 0r = 4>jQ)(pj, instead of 4>] and 2 . This is 
simply for neatness. The underlying adapted families can still be distinct. Recall the 
notation Lj from Section [231 We apply this to M, M', and S. In particular, Mi, M2, 
M(, M£, Sx, and S 2 each map Lp(T 2 ) -> Lp(T 2 ) for 1 < p < 00, L X (T 2 ) -> L 1 ' 00 ^ 2 ), 
and L log -L(T 2 ) — > L 1 (T 2 ) by interpolation. Further, each satisfies Fefferman-Stein 
inequalities for r = 2. 

Use Theorem 11.91 to write 




<pr = <pi®<pj = (Y, 2 ~ 10fc1 ^) © ( E 2 ~ 10 V/) = : E 2 ~ 10|&1 ^ 

fci=i fc 2 =i a-gn 2 

where each ^ is the tensor product of functions uniformally adapted to I, J respec- 
tively. We write \k\ = k x + k 2 . If each k x ,k 2 is small enough, supp(y?^) C 2 k R : = 
2 hl I x 2 k2 J. Otherwise, <p R is identically 0. Let K{R) be the subset of N 2 for which 
the first case occurs. As they are uniformally adapted, ||<£>#||oo % 1 uniformly in k 
and R. Fix R and suppose (x, y) G R. Then, 
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fceN 2 T2 



keK(R) 



< 



E ^ 



-9|fc|. 



1 



|2 fc i?| y 2 Sfl 



l/l dm 



keK(R) 

<J22~ 9 ^M s f(x,y)<M s f(x,y). 

fceN 2 



If (x, y) is not in i?, then this inequality holds trivially. As R is arbitrary, MMf 
M s f < Mi o M 2 f. Hence, 



< 



||MM/|| p <||M 1 oM 2 /|| p <||M 2 /|| p < 
||MM/|| 1>00 < ||Mx o M 2 /|| 1;00 < \\M 2 f\\, < ||/|| ilogL . 

We abuse notation slightly and write (/, (pi) to mean J T (f) I (x)f(x, y) dx, a function 
of the variable y. Thus, (4>r, f) = (<j)j, (/, 0/)) makes sense. Also, we can consider 
the two variable function (/, <f>i)xi- m this manner, 



SMf(x,y)= ^ ^ J - X i(x) 



1/2 



E 



sup 



J_ u , (fM 

|J|l/2l\^' |J|l/2 



xi(x))\xj(y)) 



1/2 



= ( E M 2 



By the Fefferman-Stein inequalities on M' (or Mg), 



II^M/|| p 



E M 2 



,/</,0/> ^ x 



|/|l/2 



■X/ 



< 



|</,^' 2 ^ 



-X/ 



l|5i/||p< 



~ IIJ IIP) 
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and 



HSM/|| 1>C 



< 



2X1/2 



1,00 



l|5i/||i < 11/11 



L log L • 



On the other hand, 



MSf(x,y) = S up— 



1/2 



xj(v) xi(x) 



\(<P R J)f 



< [ 2. \j { xAv) 



1/2 



This is essentially SM with the roles of / and J reversed. The same arguments as 
above can now be applied. 
Finally, 



/ J 



EM 



|J|IV-" |J|l/2 



1/2 



so that by the Fefferman-Stein inequalities on 



\\SSf\\ p 



< 



\\SJ\\ P < 11/11 



and 
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l,oo 



< 



■Xi 



-Xi 



1/2 



l,oo 



1/2 



|Sl/||l< 



L log L • 



□ 



7(2 
«2 



Let R = I x J be a dyadic rectangle. For nfZ 2 and a e [0, l] 2 , let i?| = x J ( 
and ^8 = iffn © v 9 j™ 2 • m this way, we can define shifted versions of each of MM 
SM, MS, and SS. For example, 



SS%f(x, y) 



E 



I(V:J)I 2 , ^ 1/2 
— ft — Xr ^ x,v > 



and SS^f(x,y) = sup s SS$f(x, y). We first note that S'S" 1 satisfies all the above 
properties with an additional factor of (|mj + 1) (|?^2 1 + !)■ This follows easily by 
replacing in the previous proof Si, S 2 by S™ 1 , S^ 2 - Then, as before, we observe that 
SS^f is bounded by an SS n f, with a particular adapted tensor product which 
depends on /. So, SS^ satisfies the above with the additional factor of (|ni| + 
1)(H + 1). The same holds for SM^\ MS™, and MM 1 " 1 . 

Although we will not explicitly need the following result, it is interesting enough 
to mention here. 



Theorem 6.2. Each of MM, MS, SM, and SS maps L(logL) 



n+2 



L(logL) n . 



Proof. This is simply a matter of repeating the arguments of the previous proof and 
applying the interpolation results of Corollaries 14.131 and 14.191 We have immedi- 



ately that \\MMf\\ LQogL) « < 
Further, 



\Mi o M 2 f\\ LQogL) » < ||M 2 /|| L(logL) 



n+l 



< 



L(logL) 



n+2 . 



l|SM/|U (logL) . 



Xi 



1/2 



LpogLY 



< 



[7j *J 



L(logL) 



n+l 



|5'l/||L(logL)"+i < ||/|U(logi)»+ 2 , 



and 
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\\SSf\\ L{logLr 



■Xi 



1/2 



L(logL)" 



< 



1^ I/I *J 



L(logL)^ 



|^l/||i(logL)»+l ^ ||/IU(logL)™+ 2 - 



Finally, MS" is pointwise smaller than an SM type operator, and therefore satisfies 
the same bounds. □ 



6.2 Bi-parameter Paraproducts 

In Section 15.31 we defined single-parameter paraproducts. In order to study bi- 
parameter multiplier operators, we will need to define and investigate the appropriate 
bi-parameter paraproducts. For simplicity, as before, we will focus only on the bilinear 
case. 

For /, g : T 2 — > C, the bi-parameter bilinear paraproducts are defined 
T? b (f, g)(x,y) = J2 €r JrW^ /> tifofr v) , 

R ' ' 

for a,b = 1, 2, 3, where <p R , <p R , and <p R are each the tensor product of two adapted 
families, as in the previous section. The sum is over all dyadic rectangles R, and 
(e R ) is a uniformly bounded sequence. By dividing out a constant, we can assume 
|er| < 1- Further, if 0^ = 0} © 0j, then J T 0} dx = for i ^ a and f T <pj dx = for 
i ^ 6. 

Theorem 6.3. Tf' b : L Pl x L P2 ^ L p for 1 < p u p 2 < oo and ± = i + i. I/pi or 
p 2 o?" fcoi/i are equal to 1, this still holds with LP replaced by L p '°° and L Pl replaced by 
LlogL. The underlying constants do not depend on a, b, or the sequence e R . 

Proof. We will assume a = 1 and b = 2, as the other cases will follow similarly. 

First, suppose p > 1. Then, necessarily pi,p% > 1 and 1 < p' < oo. Note, 
1/pi + 1/pa + W = 1- Fix ft, G L P '(T) with \\h\\ p , < 1. Then, 
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I <^ 2 (/, g),h)\ = \Y, e «^p f) (<f>% 9) {4>% h) 

<EppK^/>ll(^^>ll(4^)l 

./ , ^ |i?|V2 |i2|l/2 |iJ|l/2 XM^2/J^^- 



R 

Concentrating on the integrand, 



^ IRl 1 / 2 |i?|V2 1^1/2 



E 



li?! 1 ^ \R\l/2 \ R \l/2 XR{x,y)_ 
Applying Holder's inequality, the last term is bounded by 

l(^/)ll(0l^>L, ,_..^ 2 V /2 

j 

Applying Holder to the inner sum, 



E(E^«(^))(E^«(-)) 



j j 

MS(f)(x, y)SS(h) (x, y). 



Hence, 
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\(Tl' 2 (f,g),h)\< f MSf(x,y)SMg(x,y)SSh(x,y)dxdy 
Jt 2 

^IIM^iuii^iuii^ii^^n/iuibiu. 

As h in the unit ball of L p> is arbitrary, we have \\T}' 2 (f, g)\\ p < ||/||p 1 ||fl , ||p 2 - 

Now suppose 1/2 < p < 1. As in the proof of Theorem 15.51 by interpolation it 
suffices to show T e 1,2 : L P1 x L P2 — > L p,0 ° for all 1 < pi,p2 < oo. We concentrate on 
the special case T e 1,2 : LlogL x LlogL — > L 1 / 2 ' 00 , but all others follow in the same 
way. 

Let H/lliiogL = Hfl'lUiogL = 1 and E CT 2 with \E\ > 0. Lemma f3T9l is valid on T d 
for any dimension d. So, we will be done if we can find E' C E, \E'\ > \E\/2 so that 

KT^C/,^)^^)! < i < i^r 1 . 

For k G N 2 and R = I x J a dyadic interval, denote 2 k R = 2 kl I x 2 k2 J, and 
\k\ = ki + k2- Use Theorem 11.101 to write 

fceN 2 

where each <p 3 R is the normalization of the tensor product of two 0-mean adapted 
families which are uniformally adapted to /, J respectively. Further, supp(0^ fc ) C 2 k R 
for k small enough, while <p 3 / h is identically otherwise. Now 

(Te' 2 (f, 9), Xb>) = £ 2_10 ' fc1 E ^TrJT^ m * 9){ ^ XE,) - 
fceN 2 R 

Hence, it suffices to show | ^ eR|-R|~" ly/2 (<^>^, /) (<p 2 R , g)((p 3 R k , Xe>) I ^ 2 4 l fc l, so long as the 
underlying constants are independent of k. 

Let SS k be the double square operator with <p k R . For each fceN 2 , define 

Q_ 3|g| = {MSf > C2 3|g| } U {SMg > C2 3 ^}, 
%={M s ( X n_ 3|g| )> 1/100}, 
§S = {^(XnJ > 2-' fc > 1 }. 

and 
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n = U % 

fceN 2 



Observe, 



< J2 2- 3 '^2 2 l fc > 1 ^||M 5 || 4 L2 ^ L2 [||M5|| LlogL ^ L1 ,o C + \\SM\\ LlogL ^]. 

fcGN 2 

Therefore, we can choose C independent of / and g so that \Q\ < \E\/2. Set E' = 
E - n = E n tt c . Then, E' C E and \E'\ > \E\/2. 

Fix k G N 2 . Set = {MSf = 0} U {SM^ = 0} U {SS^e' = 0}. Let V 
be any finite collection of dyadic rectangles. We divide this collection into three 
subcollections. Set T> 1 = {R G T> : Rd ^ 0}. For the remaining rectangles, let 
V 2 = {R G V - V 1 : R C %} and £> 3 = G X> - V 1 : i? n fJ£ ^ 0}. 

If i? G X>i, then there is some (x, y) G R fl Z^. Namely, MSf(x,y) = 0, 
SMg(x,y) = 0, or SS % (xE'){x,y) = 0. If it is the first, (0^, /) = 0. If it is the 
second, then {(f> 2 R ,g) = 0, and if it is the third, {(ft 3 R,XE') = 0. As this holds for all 
it! G T>i, we have 



Now suppose e D 2) namely R C f^. For some fc, is identically and 
!>^ fc , xe 1 ) = 0. For all others, (ft 3 / k is supported in 2 k R. Let (x, G 2 fe i?, and observe 



Jfc<XB,)(*,lO > [ tR X h dm > ^JL jx h dm = 2-« > 2^-\ 

That is, 2% C % C fi, a set disjoint from Thus, ((ft 3 ^, xe>) = 0. As this holds 
for all R G V 2 , we have 



-Rex> 2 ' ' 

Finally, we concentrate on V 3 . Define Q_ 3 ^ +1 and n_ 3 |£| +1 by 
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n_ 3 | fc >i = U e ^3 : \i n n_ s|S|+1 | > |i?|/ioo}. 



Inductively, define for all n > — 3|fc| + 1, 



Q n = {MSf > C2- n }, 

n-l 

u n = {Rev 3 - [J : \Rnn n \ > \r\/ioo}. 

J=-3|fc|+l 

As every R E V 3 is not in T>i, that is MS*/ > on R, it is clear that each R E V 3 
will be in one of these collections. 

Set Q' = old for symmetry. Define f2' ,-, and IT by 

-3|fc| ~3|fe| J J -3|fc|+l -3|fc|+l J 



S|*>1 = ^ > C723 ' fc>1 }' 

n, -3i*>i = {^p 3 : l«nn'_3 |£|+1 | > |tf |/ioo}. 

Inductively, define for all n > — 3|fc| + 1, 



n; = {SMg > C2-"}, 

n— 1 

n; = {i?ep 3 - |J n; : \Rnn' n \ > \r\/ioo}. 

J=-3|fc|+l 

As every R E T> 3 is not in £>!, that is SMg > on R, it is clear that each R E V 3 
will be in one of these collections. 

Now, we can choose an integer N big enough so that Q'!_ N = {SS k (xE>) > 2^} has 
very small measure. In particular, we take N big enough so that \R(lQ'!_ N \ < |i?|/100 
for all R EV 3 , which is possible since V 3 is a finite collection. Define 



n'Vi = {ReV 3 -. \Rnn'L N+1 \ > |i?|/ioo}, 
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and 



n: = {ssHxE>) > 2-n, 

n— 1 

K = {Rev 3 - |J n; / :| J Rn^|>| J R|/ioo}, 

j=-jV+l 

Again, all i? e must be in one of these collections. 

Consider R G P3, so that i? fl f2| 7^ 0. Then, there is some (x, y) G i? D Jl| which 

implies |i2nn_ 3|jE| |/|i2| < M s (xn_ 3|fc1 )(a;,j/) < 1/100. Write n„ lin2 , n3 = n^nn^nn^. 

So, 



E 



I(A,/>IKAj)II» 3 /,».>I 



|flj'/2 



E 



E 



ni,7i2>— 3|fc|,n3>— iV -RGn niin2in3 



\(ct>lf)\\(ct>l,9)\m k ,XE 



E 



^ l(^/>ll<^g>ll(^x^>l |fi| 



ni,n2>— 3|fc|,Tl3>— JV -^ e n nil n2,n 3 



(i?! 1 ^ \R\l/2 ^11/2 



Suppose R G n rai n2 n3 . If n x > — 3\k\ + 1, then i? G n ni , which in particular says 
R i II ni _i. So, |i?n Q m _i| < |i?|/100. If m = -3|jfe| + 1, then we still have 
\R H fi_ 3 |£|| < 1^1/100, as i? G P 3 . Similarly, If n 2 > -3A; + 1, then i? G IT^, 
which in particular says R £ Tl' n2 -i- So > \ R n fi n 2 -il < |-R|/100. If n 2 = -3|fc| + 1, 
then we still have \R n ^'_ 3 |jul = |-R n fi_ 3 |g|| < |i2|/100, as R G V 3 . Finally, if 
n 3 > —N + 1, then i? £ n^ 3 _ 1 and |i? n O^.J < |i?|/100. If n 3 = -N + 1, then 
\R n n'^l < 1^1/100 by the choice of iV. So, \R n n ^ c 2 _i n ^"3-1! > 

Let fi ni)n2i „ 3 = U{-R : R G n„ i n2)n3 }. Then, 



l^n^nn^-inn^-ina 



L ni,n 2 ,n 3 



>—W 

- 100 1 1 



for all .R G n 



Further, 
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v m R j)\\(<p%g)\(<pf,XE')\ im 

2^ \R\1,2 W ,2 \R\V2 I I 

Jttiin^ ,n 2 ,713 

< V- I f) I I (4>R, 9) I I (4>R° , XE')\ DnOC nf y c nQ /, c nQ 
- ~\R\^ \R\U~2 j^p— I^ n "ni-I n "n2-I n "ns-I n "niv 



FlGTln^ jTt 2 ,713 



n 2 ,n 3 I 



v \(<j>)tJ)\\(<&,9)\\(<fR k ,XE>)\ v . 

n<= nn'<= nn»<= nn r ^ l^l 1/2 l#l 1/2 l^l 1/2 



< / MSf(x,y)SMg(x,y)SS\ X E>)(x,y)dxdy 

^ f2 n 1 -i n ^n 2 -i n ^n3-i n ^™l.™2.™3 



^ ^ z, z, z, |ii nijn2in3 |. 

Note, |fi ni)n2)ns | < |(J{# : # e n ni }| < \{M s ( X nJ > 1/100}| < |OJ = 
|{MS/ > C2-"i}| < C~ x 2 n \ By the same argument, |fi ni) „ ains | < \SYJ = \{SMg > 
C2- n2 }\ < C-H n \ and |fi ni ,„ 2 ,„ 3 | < \K 3 \ = \{SS\ X e>) > 2^ 3 }| < 2^ f or any a > 
1. Thus, |n ni , nain3 | < C- 2 2 e ^2 e ^2 e ^ for any 6 1 + 6 2 + 6 3 = 1, < U 6 2 , 3 < 1. 
Hence, 

< 2( 9l ~ 1 ) ni 2^ 2 ~ 1 - )n2 2 < - 93a ~ 1 - )n3 + 

ni,Ti2>— 3|fc|, n3>0 

2 (fi-l)ni2(e2-l)n22(f3a-l)n 3 

ni,n2>-3|fe|, -7V<n 3 <0 
= A + B. 

For the first term, take Q\ = 1/2, # 2 = 1/2, #3 = 0, and a — 1. For the second term, 
take #! = 1/3, # 2 = 1/3, #3 = 1/3, and a = 6 to see 

A — ^ ^ 2 -n i/ 2 2 -n2 / 2 2~ ra3 < 2 3 ' fc ' 

ni,n2>— 3|fc|, n3>0 
^ ^ 2~ 2n i/32 _ 2ri 2/32™3 

»ii,Ti2>-3|fe|, -Af<n3<0 

< ^ ^ 2 _2ri i/ 3 2 _2n2 / 3 2 n3 < 2 4 ' fc ' 

rai,n 2 > — 3|fc|,n3<0 
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Note, there is no dependence on the number N, which depends on V, or C, which 
depends on E. 

Combining the estimates for V\, V 2 , and T> 3 , we see 

E |W 1 /) 1 1 9) 1 1 X^> I < 2 4|fe1 , 

where the constant has no dependence on the collection V. Hence, as V is arbitrary, 
we have 

r 

<Ei I /) 1 1 (4^> 1 1 X^> I < 2 4|fc1 , 

R 

which completes the proof. □ 

It should now be clear that proving the above for (a, b) ^ (1, 2) follows by per- 
muting the roles of MM, MS, SM, and SS. For instance, if (a,b) = (1,1), then we 
consider MM/, and SS % xe'- 

For any ra G Z 4 , where ni = (ni,n 2 ) and n 2 = (713,714), we can define the shifted 
paraproducts by 

T^ [H] (f,g)(x) = [ E £ «»^' / >^'*^ dfi - 

Like the previous cases, simply rework the proof. For instance, if (a, b) = (1,2), 
replace MSf by MS^f, SMg by SM^g, and SS*( X e>) by SS^x^)- This 
leads to the previous estimates with an additional factor of rij=i(l n jl + !)■ 

6.3 Multiplier Operators 

We now wish to extend Coifman-Meyer operators to a broader bi-parameter setting. 
In particular, we investigate a new, wider class of multipliers m, which act as if they 
are the product of two Coifman-Meyer multipliers. 

Given a vector t — (t±, . . . , t 2 d) € ^ 2d , denote pi(i) = (t\, t 3 , . . . , t 2 d-i) and p 2 (F) = 
(t 2 , t 4 , . . . , t 2 d), which are both vectors in R d . For multi-indices of nonnegative integers 
a, we can also employ this notation. In particular, |pi(a)| = a.\ + a 3 + . . . + a 2 d-i, 
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and similarly for p2(oc). Conversely, for 1 < j < d, let tj = (t2i-i)*2j) £ B^ 2 , so that 
£ = (ii, . . . ,td). 

Definition. Let m : IR 2d — > C be smooth away the origin and uniformly bounded. 
We say m is a bi-parameter multiplier if |<9 a m(t)| < 

all vectors a with \a\ < 2d(c£ + 3), where || • || is the Euclidean norm on R . 

Given such a multiplier m on IR M and L 1 functions /x, . . . , fd '■ T 2 — > C, we define 
the associated multiplier operator Am (/i, • • • , /d) : T 2 — > C as 

Ag> (A, . . . , f d )(x) = rn$)h{t x ) ■ ■ ■ Ut d )e 2 ^ + - + ^. 
Consider the following theorem. 

Theorem. For any bi-parameter multiplier m on R 2d , A {2) : LP- x ... x LP d — > LP 
for 1 < pj < oo and ^ + . . . + ^- = ~. If any or all of the pj are equal to 1, 
this still holds with LP replaced by L p '°° and L Pj replaced by L log L. In particular, 
A^ } : L log L x ... x LlogL -> L 1 ^' 00 . 

As before, we will focus on the d = 2 case for simplicity, but this makes no 
substantiative difference in the proof. We note that in this case, the bi-parameter 
multiplier condition can be stated 

\d^m(s,?)\ < IKfli^OH-^IKaa,^)!!- 00 ^ 
for all two-dimensional indices a, ft with \a\, \/3\ < 10. 

Remark 6.4. Let be the functions in Theorem 11.61 For 1 < a, b < 3 and 
k,k' e N, define ipffi(s) = (si)^(s 2 ). Let E j = {feZ 4 : Pj {x) ^ (0,0)} and 
E = E x n E 2 . Then, 



XE&i) = Xh^-(o,o)(s 1 ,t 1 )x^-(o,o)(s2,t 2 ) 

3 oo 



a=l fc=l 
3 oo 



6=1 fe'=l 
3 oo 



E E ^WS* *)■ 

a,6=l fc,fc'=l 
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Lemma 6.5. Let m : IR 4 — > C be a hi- parameter multiplier and ^ kk /~ 
functions in Remark \ 6.4\ For every k,k' £ N and 1 < a,b < 3, there is a smooth 
function m a)b)kyk , satisfying Wo,6,fe,fc'(s, ^^^(sJ^V' 2 ^ = m (^' ^k^i^k^i't) and 

w/iere |c aAfcjfc ^| < rij=i(l n il + I-)" 5 uniformly in a, 6, fc, fc'. 

Proof. For simplicity, assume a = 6 = 1. Let <y2 : IR 4 — > C be a smooth function with 



supp(y>) C [-2- 1 ,2- 1 ] 2 x (^[-2- 1 ,-2- 11 ] U [2- n ,2- 1 \y and 
^ = 1 on [-2- 2 , 2- 2 ] 2 x ( [-2- 2 , -2- 10 ] U [2- 10 , 2~ 2 ] 



Define m a fi,k,k'(s,t) = m(s,t)ip(2 k s\,2 k 's2,2 k t\,2 k 't2). Then by construction, 

m a,b,k,k'(s,^l'^(^lf k f(t) = m(s,t)^^', 1 (s)^ i 'fc, 2 (t). Further, if E a ^ k # is the sup- 
port of m aAfcjfc ,, then \E afiAk ,\ < 2 2k 2 2k ' . 

Recall that {2- fe / 2 e - 27rin2 *} is an orthonormal basis on any interval of length 
z , so that {2- k e~ 27ri2 is an orthonormal basis on any square of side length 2 . 
Thus, 



nez 4 

where c a;b)kjk > jf{ is 



2 -2fc 2 -2fc' / /" m fa e 2rt2- k Pi(r£).(a ! x,Wi) e 2«2 <=' P2 (">(*2 )2 /2) _ 



We may assume that if n = (ni, ri2, 714), each of rij is nonzero, as these 
cases are handled similarly. Let C = max{||9 Q! y!|| ao : < |a| < 20}. Note, if 
(x,y) G E atbtk ,u, then IKxx,^)!! > 2 k ~ u and ||(x 2 ,y 2 )|| > 2 fc '- n So, |^m(x,y)| < 
|| (a: 1; 2/1) H-^i-^i || (^ 25 ||-« 2 -/3 2 < 2 -*(«i+/»i)2- fc, («a+A) for all |a|, |/?| < 10. Set 
7 = (5, 5, 5, 5), and observe 
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\d J m aAk ^(x,y)\ 

< \d {a ' P) m a , b)k>kl (x, y) \\drt-^ip(2- k x Xl 2" fc 'x 2 , 2~ k y u 2- k 'y 2 ) | 

{a,/3)<-y 

< C\d a ^m{x,y)\2- k ^- a ^h- k '^- a ^ 

(<*,/3)<7 

< 2-iofe2- lofc ' 

By several iterations of integration by parts, 



m a ,b,k,k'(x,y) e 2 ^ 2 tpi( " Ka;i * ) e ^i2~ k ' p 2 {n)-{x 2 ,y 2 ) ^ ^ 

e 2m2- k p 1 {n)-{x 1 ,y 1 ) e 2m2~ k ' p 2 (n)-(x 2 ,y 2 ) ferrf) ~ 20 

<9 7 m a>bifcife /(x, y) n-y^r dS d V 



(ni2- fc ) 5 (n 2 2- fc ') 5 (n 3 2- fc ) 5 (n42- fc ') 5 



a,b,k,k' 

olOfcolOfe' 4 
< l^aA^lll^aA^'lloo < 2 2k 2 2k ' H(\ nj \ + lY 



|ni| 5 |n 2 | 5 |n 3 | 5 |n 4 | 5 , , 

Namely, \c a ^k,k',n\ ^ n(l n jl + 1)~ 5 - To handle the cases when rij = for some j, 
adjust the above argument with 7 = (0,5,5,5) or 7 = (5,0,5,5), and so on. For 
(a, b) 7^ (1, 1), we simply need to choose ip differently. □ 

Theorem 6.6. For any bi-parameter multiplier m on IR 4 , A {2) : L P1 x D> 2 -> L p for 
1 < pi,£>2 < 00 and — + i = ~. //pi or p 2 0?" &o#i are egna/ to i ; i/izs stz// /io/ds 
wzi/i L p replaced by L p,OD and L Pj replaced by L log L. 

Proof. Fix m and let /, g : T 2 — > C. Then, 

s,tez 2 

As in the proofs of Theorem 15.31 and Theorem 15.81 we can assume m(0, 0) = 0. 

Let mi(si, ii) = m(si, 0, ti, 0). Then, mi : IR 2 — > C is a Coifman-Meyer multiplier. 
Let Fi(xi) = J T f(xi, x 2 ) dx 2 and Gi{x\) = J T g(xi, x 2 ) dx 2 , so that f(si, 0) = Fi(si) 
and 0) = Gi(ti). Let 

A mi (F 1 ,G 1 )(x)= J] mi(si,tOA(*0^(*i)e ! ^ ( ' 1+tl) , 

si,tlGZ 
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a standard Coifman-Meyer operator. Now define m 2 (s 2 ,t 2 ) = Tn(0, s 2 , 0, t 2 ) and 
F 2 ,G 2 as expected. Let A m2 (F 2 , G 2 )(y) be the appropriate Coifman-Meyer opera- 
tor. Finally, let mo be a bi-parameter multiplier which agrees with m on integers 
away from the planes {(si,ti) = 0} and {(s 2 ,t 2 ) = 0}, but is on these planes. 
Then, 

Ag) (/, g) (x, y) = A® (/, <?) (x, y) + A mi (F x , d) (x) + A m2 (F 2 , G 2 ) (y) . 

By Theorem ESI if p u p 2 > 1, then ||A mi (Fi, Gi)|| LP(T) < || Fi|| L pi (t)\\Gi\\ L p 2 (t) . 
By generalized Minkowski, H-FiIIlp^t) < WfWpi an d ||(ji||lp 2 (t) < llfi , llp 2 - Therefore, 
HAmi^GOH^m < H/IUIblU- Ifpi = 1, then HFill! < \\fh < H/IUiogL. Similarly 
for p 2 = 1. Thus, the term A mi (F 1 ,Gi), and by symmetry A m2 (F 2 ,G 2 ), satisfies all 
the estimates we want. Hence, it suffices to consider the operator A mo . Equivalently, 
we can assume m is on the planes {(si,ii) = 0} and {(s 2 ,t 2 ) = 0}. 

Let h G L 1 (T 2 ). Let fo = f and similarly for g , h®. Then, 




= Y, m{s,t)f(s}g(t)h (-s-t). 



Now employ Remark 16.41 to write 



<A<? (/,»),/*> 

3 oo 

= Y Y Y M^T{^k^(^9(^k^ 2 (^{-s-^k^(-^-*) 

a,b=l k,k'=l s^teZ 2 

3 oo 

= X] Y m aM,fcK^1/W^ 

a,b=l k,k'=l gfel? 
3 

=: Yl ^ a ' fe ' 

a,6=l 
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where m ajb)kik i is as given in Lemma [63J Let 4> k b k ^ Hl (x) = ( 2 k n 1 ,2 k 'n 2 )) 

and d'!n 2 (^) = ^fc,'fc' 2 ( f - (2' k n 3 ,2' k 'n 4 ))). Then, 

oo 

^ = Yl c "Ak,k'df * ^J'kRs)^ * i>Z'* k ?n 2 T(?)(ho * ^k b k'T(-s- t) 

nGZ 4 k,k'=l gjeZ 2 

oo „ 

nez 4 fc,fc'=i 1/12 

The last line is gained from showing Claim 15.61 is valid on T d for any d. Just as in 
the previous proofs, we can dilate and translate to write 

/ (/ * ^k&Hi ) ( f ) (9 * ^k b k ?n 2 )(x) (ho * ^f) (5) d5 
2 fe -12 fc '-l „ 

= 2- k 2- k ' ^fe,'fcij',»x,a» 7) <<%,j',ffe,s> 3> (^S\w',s> ^0) 

r i'=o ^l 2 

where ^^/^^(z) = i/iffi (2~ fc (an + j + ni) - a;i,2- fc '(a 2 + / + n 2 ) - ac 2 ), and 
similarly for the other two functions. 

For a dyadic rectangle R = [2- k j,2~ k (j + 1)] x [2~ fe 2~ k ' {j 1 + 1)], let cp a ' b £ be 

the reflection of 2 _fc 2~ fe '^?y, 1 . ., and similarly for y? a 'H, 2 and <^ b ' 3 . It is easily 

a 

checked that the construction of ip k ' b k ? guarantees that tp R ^ ,% are the tensor products 
of adapted families with j rf (p a j b,t dx = when a ^ i and j rf (p a j b,t dx = when b 7^ i. 
Let = l-Rl -1 / 2 ^ 6 '*, so that 

where the inner sum is over all dyadic rectangles and c a) b t R,H = c a ,b,k,k',n when R = IxJ 
with |/| = 2~ fc , I J| = 2~ fc '. Write d abRH = rij=i(KI + l) 5 c a ,b,R,ft, which are uniformly 
bounded in R and n by Lemma 16.51 Hence, 
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= E II (1^ + 1)5 J m E <W|^<^Vo) W>° s £, So) «' 2 , ^ <*<« 
As /i 6 L 1 is arbitrary, it follows that 

Affyf») = E IIt^TF E 

neZ 4 j=l Vl 71 7 a,6=l 

almost everywhere. We know \\T^ b ' [n] (f , g )\\ p < Ylj(\nj\ + 1) ll/IU IMU whenever 
p 1; p 2 > 1- So, ||A$(/,#)|| P < ||/|| Pl ||5 , ||p 2 whenever p > 1 follows immediately. 
By Lemma O (with fc = 2), ||A$(/, <?)iUc < ||/ |U|<?|| P2 for all Pl ,p 2 > 1. By 
interpolation of these cases, \\Am (f, g)\\ p < \\f\\ Pl \\g\\p 2 whenever pi,p2 > 1 and 
p < 1. 

On the other hand, ||2^ 6 ' tn] (/o,0o)IUoo < Uj(\ n j\ + l)ll/IUiogL||p|| P2 whenever 
pi = I. By applying Lemma O again, ||A^ '(f, g)\\ P;00 < H/IUiogzlMlpa- The cases 
P2 — 1 and pi — p2 — 1 follow in the same way. □ 
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Chapter 7 

Multi-parameter Multipliers 



Finally, we would like to consider multipliers, and their corresponding operators, 
which are multi-parameter. That is, m acts as if the product of s Coifman-Meyer 
multipliers. 

For a vector t e R sd , let pj(t) = (tj, t j+s , . . . , t j+s ( d -i)) G R d for 1 < j < s. 
Conversely, for 1 < j < d, let tj = (^sO— i)+i ? • • • , tjs) € K s so that t = (ti, . . . , t d ). 

Let m : W d — > C be smooth away from the origin and uniformly bounded. We 
say m is an s-parameter multiplier if 

s 

i^m(t)i<nii^(^ir^ (Q)l 

for all indices |a| < sd(d + 3), where || • || is the Euclidean norm on R d . 

Given such a multiplier m on W d and L 1 functions fi, . . . , f d : T s — > C, we define 
the associated multiplier operator A„ (/i, . . . , f d ) : TP — > C as 

AW(A, . . . , /,)(£) = ■ ■ ■ Ut d y™^ + --- +td) ■ 

tei sd 

The W estimates of previous chapters still hold with minor modifications. 

Theorem 7.1. For any s-parameter multiplier m on W , Am : L Pl x . . . x m -> L p 
/or 1 < < oo and ^- + . . . + — = -. // any or all of the pj are equal to 1, this 
still holds with LP replaced by L p '°° and L V] replaced by L(logL) s ~ 1 . In particular, 
: ^(logL)^ 1 x ... x LifogL) 3 - 1 -> L 1 ^- 00 . 

In view of all the results, we now have a good view of the heuristics. Away from 
Pj = 1, each of these operators act the same. However, it is these endpoint cases 
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which are the most interesting. Each time we go up a parameter, we "gain a log" at 
the endpoint. 

It will not be our goal in this chapter to explicitly prove this result. Indeed, it 
should be clear that the method of proof employed on increasing complex multiplier 
operators throughout this text can be used. Instead, we give a brief survey of how 
the argument would go. 

By induction, we can assume this theorem is known for (s — l)-parameter mul- 
tipliers. Like in the proof of Theorem 16.61 this allows us to assume m is on the 
planes {pj(i) = 0}. Then, we can introduce bump functions which are the s-fold 
tensor products of the functions in Theorem 11.61 (as the functions in Remark 16.41 are 
the 2-fold tensor products). By the same dilation and translations, our problem boils 
to understanding the appropriate paraproducts. 

We say Q C T s is a dyadic rectangle if Q — I± x . . . x I s for dyadic intervals 
Ij. Define ifQ : T s — > C to be the s-fold tensor product of adapted families. The 
appropriate (bilinear) paraproducts in this setting are 

T^(f,g)(x) = E e Q|gp(^'/)^Q^)4(^) 

Q 

where the sum is over all dyadic rectangles Q and (e<g) is a uniformly bounded se- 
quence. Each cij ranges over 1,2,3. If 4>q = §\ x © ... © (p] g , then § T $\.dx = 
whenever i ^ cij. 

To complete the proof on s-parameter multiplier operators, it suffices to show 
the associated paraproducts satisfy the same bounds. The stopping time argument 
presented in Theorems 13.101 15. 5[ and 16.31 works equally well in all dimensions, given 
the correct s-fold hybrid operators. For example, when s = 3, we consider SSS, 
SSM, MSM, etc. Therefore, we will understand the paraproducts if we can show 
each s-fold hybrid operator maps LP — > LP for 1 < p < oo and L(logL) s_1 — > L 1,0 °. 

For illustrative purposes, we show this for three specific operators when s = 3. 
For / : T 3 -» C define 



SSSf(x,y,z) = ^]qP XQ(x,y,z^J 



SSMf(x,y,z)=(j2J2- 
^ h h 



sup /3 ji^7s\(<l>Q,f)\xi 3 (z)) \ 1/2 

Xh(x)xi 2 (y) J , 
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and 



(SUP /2 SU P/ [ l/2 n/ 2 |(0Q,/)|XJ 2 (y)X/ 3 (^)) 

SMMf(x,y,z) = , r , -XV 



x) 



Start with SSSf. Using the same notational conveniences as before, 



So, 



SSSf 



/i h h 



, (/, 0/! ®fa 2 ) 

<t>l3> \ T IT /Sir 11/9 X/lX/2 



A /2 



2\ 1 2 



2 \ V2 
X/ 3 



||SSS/|| P 



< 



EEs 

EE 



(/,0/i®0j 2 ) ^/ 2 

|(/, 0/! ©0/ 2 )| 2 ^ 1/2 

-X/iX/ s 



h h 



\h\\h\ 



(X>(t 



J 1/2 



j 2^ 1/2 




< 




V 



Wh< 11/11 



pi 



and 



1,00 



h h 



c f(fi<f>h®<f>h) Y\ 



2\ 1/2 



l,oo 



< 



< 



||5i/||LlogL < ||/|U(logL) 2 



Using the same kind of argument 
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\\SSMfl 



EE M a 



,/(/, 0/i ©0/ a ) ^/ 2 



/l /2 



l/il 1 / 2 !^! 1 / 2 



< 



Z^ r^^n XhXh 



/l 



21 l/ijVa X/l 



< 



^ K/,^>l 2 \ 1/2 
2^ — — — Xh 



\h 



W\\ P < 11/11 



pi 



and 



||^/||l,c 



2^ M 3 ( 17 11/91 r 11/9 



h h 



< 



\h\ l ' 2 \h\ l/2 

2 \ I/ 2 



l,oo 



< 



l|5i/|| 



LlogL ||/IU(log/) 2 



By the same method used in Theorem I6.ll for MM, 
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Thus, 
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and 
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\\SMMf\h 



< 

OO r-u 



< 



h 1 11 



Xh 



2\ 1/2 



l,oo 



■X/i 



< 



fir 1 " 



ll^i/ll 



LlogL r^, 



L(logL)2- 



L log L 



We also have MMMf < M s f < M 1 o M 2 o M 3 /, for which the desired estimates 
clearly hold. Finally, we note as before that SMS and MSS are pointwise smaller 
than a kind of SSM, while MMS and MSM are smaller than a kind of SMM. 

The recipe for arbitrary s-fold hybrid operators should now be clear. It suffices to 
consider only the ones of the form SS...SMM...M. In this case, the M...MM part is 
pointwise smaller than Mj o Mj + \ o • • • o M s . Repeated iterations of Fefferman-Stein 
eliminate these Mj, while the remaining SS...S part can be dealt with as usual. 

In conclusion, Theorem 17.11 can be proven by the same methods presented in 
earlier chapters, with only minor adjustments here and there. 
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